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Abstract 

This article considers the existence and regularity of Kahler-Einstein metrics on a com- 
pact Kahler manifold M with edge singularities with cone angle 2tt(3 along a smooth divisor 
D. We prove existence of such metrics with negative, zero and some positive cases for all 
cone angles 2ttP < 2tt. The results in the positive case parallel those in the smooth case. 
We also establish that solutions of this problem are polyhomogeneous, i.e., have a complete 
asymptotic expansion with smooth coefficients along D for all 2tt(3 < 2tt. This work rests 
on a recent advance by Donaldson [TH]; certain of the existence results overlap those in 
other recent articles [51 [TH [T5] . 

1 Introduction 

Let D G M he a smooth divisor in a compact Kahler manifold. A Kahler edge metric on M 
with angle 27r/3 along D is a Kahler metric on M\D that is asymptotically equivalent at D to 
the model edge metric 



5^ := \zi\'^'^~'^\dzi\'^ + ^ \dz_ 



2. 

'J I > 



here zi, Z2, ■ ■ ■ , Zn are holomorphic coordinates such that D = {zi = 0} locally. We always 
assume that < /3 < 1. 

Of particular interest is the existence and geometry of metrics of this type which are also 
Einstein. The existence of Kahler-Einstein (KE) edge metrics was first conjectured by Tian in 
the mid '90's [H]. In fact, Tian conjectured the existence of KE metrics with 'crossing' edge 
singularities when D has simple normal crossings. One motivation was his observation that 
these metrics could be used to prove various inequalities in algebraic geometry; in particular, 
the Miyaoka-Yau inequality could be proved by deforming the cone angle of Kahler-Einstein 
edge metrics with negative curvature to 27r. Furthermore, these metrics can be used to bound 
the degree of immersed curves in general type varieties. He also anticipated that the complete 
Tian-Yau KE metric on the complement of a divisor should be the limit of the Kahler-Einstein 
edge metrics as the angle 27r/3 tends to 0. Recently, Donaldson [19] proposed using these metrics 
in a similar way to construct smooth Kahler-Einstein metrics on Fano manifolds by deforming 
the cone angle of Kahler-Einstein metrics of positive curvature, and more generally to relate 
this approach to the much-studied obstructions to existence of smooth Kahler-Einstein metrics. 

One of the main results in this article is a proof of Tian's conjecture on the existence of 
Kahler-Einstein edge metrics when D is smooth. In a sequel to this article we shall prove 
the general case [39]; this involves certain additional complications, but can be achieved by an 
elaboration of the methods introduced here. 
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In the lowest dimensional setting, M is a Riemann surface and the problem is to find 
constant curvature metrics with prescribed conic singularities at a finite collection of points. 
This was accomplished in general by McOwen and Troyanov \iO\ |53j: as part of this, Troyanov 
found some interesting restrictions on the cone angles necessary for the existence of spherical 
cone metrics. Later, Luo and Tian j34| established the uniqueness of these metrics. For the 
problem in higher dimensions, we focus only on the case where D is smooth, unless explicitly 
stated. The case of Kahler-Einstein edge metrics with negative curvature was studied by the 
first named author [251 126] , where it was already realized that some of the a priori estimates of 
Aubin and Yau [H [57j should carry over to this setting. An announcement for the existence in 
that negative case with /3 G (0, |] was made over ten years ago by the first and second named 
authors [38] . There were several analytic issues described in that announcement which seemed 
to complicate the argument substantially and details never appeared. 

Quite recently there has been a renewed interest in these problems stemming from an 
important advance by Donaldson [19], alluded to just above, whose insightful observations 
make it possible to establish good linear estimates. He proves a deformation theorem, showing 
that the set of attainable cone angles for KE edge metrics is open. The key to his work is the 
identification of a function space on which the linearized Monge-Ampere equation is solvable 
in the class of bounded functions. 

We realized, following the appearance of [19j, that only a slight change of perspective 
suggested by his advance makes it possible to apply the theory of elliptic edge operators from 
[36j in a rather direct manner so as to circumvent the difficulties surrounding the openness 
part of the argument proposed in [38]. Indeed, we show that estimates equivalent to those 
of Donaldson (but on slightly different function spaces) follow directly from some of the basic 
results in that theory, and we explain this at some length. This alternate approach to the 
linear theory allows us to go somewhat further, and we use it to show that solutions are 
poly homogeneous, i.e., have complete asymptotic expansions. This was announced in [38j and 
speculated on in [19], and the existence of this higher regularity should be very helpful in the 
further study of these metrics. 

In fact, this higher regularity plays a fundamental role in the nonlinear a priori estimates. 
In order to obtain our existence results it is necessary to work with minimal assumptions on 
the reference geometry, and poly homogeneity is one of the key ingredients which allows us to 
do so. As a result, we are able to establish the existence theorem for all cone angles less than 
2tt, which we carry out in the negative, zero and in certain positive curvature cases. 

More precisely, what we achieve here is the following. We prove existence of Kahler- 
Einstein edge metrics with cone angle 27r/3 that have negative, zero and positive curvature, 
as appropriate, for all cone angles 27r/3 < 27r, when D is smooth. Existence in the positive 
case is proved under the condition that the twisted Mabuchi K-energy is proper, in parallel 
to Tian's result in the smooth case [49]. Next, we prove that solutions of a general class 
of complex Monge-Ampere equations are polyhomogeneous, i.e., have complete asymptotic 
expansions with smooth coefficients. We provide a sharper identification of the function space 
defined by Donaldson for his deformation result. As we have briefiy noted above, there are two 
somewhat different scales of Holder spaces which can be used for this type of problem. One, 
used in [251 US]) we call the wedge Holder spaces; the other, from 06], are the edge Holder 
spaces. The latter behave more naturally with respect to a certain dilation structure which 
is inherent in this problem. This makes the linear theory, and certain parts of the nonlinear 
theory, more transparent. However, we stress that we provide two independent proofs of the a 
priori estimates, one in each class of spaces. The proof of higher regularity (polyhomogeneity) 
is directly related to special properties of the edge spaces, but holds for solutions in either 
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class of spaces, and because of this, the two approaches to the a priori estimates may be used 
interchangeably. Finally, in proving the a priori estimates we have made an effort to extend 
various classical arguments and bounds to this singular setting with minimal assumptions on the 
background geometry. In particular, we employ a particular continuity method closely related 
to the Ricci iteration [32], that together with the Chern-Lu inequality allows us to obtain the 
a priori estimate on the Laplacian assuming only that the reference edge metric has bisectional 
curvature bounded above. We then explain how the Evans-Krylov theory together with our 
asymptotic expansion imply a priori Holder bounds on the second derivatives for all cone 
angles with no further curvature assumptions. Reducing the dependence of the estimates for 
the existence of a Kahler-Einstein metric to only an upper bound on the bisectional curvature 
of the reference metric does not seem to have been observed previously even in the smooth 
setting, where traditionally a lower bound on the bisectional curvature is required, or at least 
an upper bound on the bisectional curvature together with a lower bound on some curvature. 
Finally, in the case of positive curvature, we show how to control the Sobolev constant and 
infimum of the Green function, which are both needed for the uniform estimate. In an Appendix 
it is shown that the bisectional curvature of the reference metric is bounded from above on 
M\D whenever /3 E (0, 1]. 

Before stating our results, let us mention some other recent articles concerning existence. 
Quickly capitalizing on the linear estimates in [19], and originally part of the collaboration 
leading to the current article, Brendle [13] adapted the classical estimates of Aubin and Yau 
to obtain existence of Ricci-flat KE edge metrics with /3 E (0,^]- In a different direction, 
and allowing D to have simple normal crossings, Berman [6] showed how to bypass the openess 
problem and produce KE metrics whose volume form is asymptotic to that of an edge metric by 
using a variational approach. Finally, a quite different approach to existence and also allowing 
divisors with simple normal crossings, based on approximation by smooth metrics, has appeared 
in a recent article by Campana, Guenancia and Paun [15j in the case of nonpositive curvature 
with /3 E (0, However, neither of these methods give good information about the regularity 
of the solution metric at the divisor. 

We now state our main results more precisely. All the relevant notation is defined in Sections 
[2] and [3 

Theorem 1. (Asymptotic expansion of solutions) Let u be a polyhomogeneous Kdhler edge 
metric with angle 27r/3 E (0, 27r]. Suppose that u E V^s^ n PSH(M, uj), s = w or e, is a solution 
of the complex Monge-Ampere equation 

=uj''F{z,u), onM\D, (1) 

where a;„ = w + ddu and F is polyhomogeneous in its arguments and is such that if 
u E -4phg then F{z,u) E -^phg- ^^c'^ ^ ^-^ polyhomogeneous, i.e., u E A^^igi-^)- 

Theorem 2. (Kahler-Einstein edge metrics) Let {M^ujq) he a compact Kdhler manifold with 
D C M a smooth divisor, and suppose that /i[cjo] + (1 — P)[D] = ci{M), where 13 E (0, 1] and 
^ E M. // /i > 0, suppose in addition that the twisted K-energy Eq is proper. Then there 
exists a unique (when fi ^ 0) Kahler-Einstein edge metric uj^^^^ with Ricci curvature fi and 
with angle 27r/3 along D. This metric is polyhomogeneous, namely, (^ke admits a complete 
asymptotic expansion with smooth coefficients as r — )• of the form 

<^KE(r,0,^)~ Y.aMG,Zy^''^{^ogrf, 

j,k>0 i=0 



3 



where r = and 9 = argzi, and with each ajj^£ G C°^. There are no terms of the 

form r'^{logrY with i > if j < 2. In particular, ip^E has infinite conormal regularity and a 
precise Holder regularity as measured relative to the reference edge metric u, which is encoded 
by y'KE G^°nP°'^. 

To put these conclusions about regularity into words, we prove infinite 'conormal' regularity 
(A^), which asserts that the solution is tangentially smooth and also infinitely differentiable 
with respect to the vector field rdr, then Holder continuity of some second derivatives with 
respect to the model metric and finally the existence of an asymptotic expansion in 

powers of the distance to the edge (Ap^g). This expansion also leads to the precise asymptotics 
of the curvature tensor and its covariant derivatives. For example, when ,0 < ^ we have 

2,-i-2 0>-5-2 

(fiKE & Cyj , and the curvature tensor of Wi^^j, is in C^, 
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2 Preliminaries 

We set the stage for the rest of the article with a collection of facts and results needed later. 
First consider the fiat model situation, where M = C" with linear coordinates {zi,... ,Zn), 
and D the linear subspace {zi = 0}. For brevity we often write Z = {z2, ■■■ , Zn)- The model 
Kahler form and Kahler metric are given by 

1 " 
ujfi = -^r^(\zi\^f^-'^dz^ ^'dz^ + ^dz^ and (2) 

n 

gp = \z,\'P-'\dz'\^ + Y,\dz^?- (3) 

i=2 

This is the product of a flat one complex dimensional conic metric with cone angle 27r/? with 
C"~^. We always assume that < /3 < 1; the expressions above make sense for any real fi, but 
their geometries are quite different for (5 outside of this range. 

Now suppose that M is a compact Kahler manifold and D a smooth divisor. Fix /3 € (0, 1] 
and /X G M, and assume that there is a Kahler class = ^^^p such that 

^^1 + {1-I3)ci{Ld) = ci{M). (4) 

Here, Ljy is the line bundle associated to D. Thus, ci(M) — (1 — I3)ci{Ld) is a positive or 
negative class if > or < 0. If ^ = 0, 17 is an arbitrary Kahler class. 

Let g be any Kahler metric which is smooth (or of some fixed finite regularity) on M\Z). We 
shall say that ^ is a Kahler edge metric with angle 2-^^ if, in any local holomorphic coordinate 
system near D where D = {z\ = 0}, and zi = pe^^"^^, 

511 = Fp'^-^ gij = ga = 0{p^-^+'^'), and all other gij = 0(1), (5) 

for some r]' > 0, where F is a bounded function which is at least continuous at D (and which will 
have some specified regularity). If this is the case, we say that g is asymptotically equivalent 
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to gp^ and that its associated Kahler form w (which by abuse of terminology we also call a 
metric sometimes) is asymptotically equivalent to cu/j. There are slightly weaker hypotheses 
under which it is reasonable to say that g has angle 27r/3 at D, but the definition we have given 
here is sufficient for our purposes. 

Definition 2.1. With all notation as above, a Kdhler current oo, with associated singular 
Kdhler metric g, is called a Kdhler-Einstein edge current, respectively metric, with angle 27r/3 
and curvature fJ- if u} and g are asymptotically equivalent to oop and g^, and if 

mcu}-{l- f3)[D]= fj,uj, (6) 

where [D] is the current associated to integration along D. 

In this section we present some preliminary facts about the geometry and analysis of the 
class of Kahler edge metrics. We first review some different coordinate charts near the edge D 
used extensively below. Many calculations in this article are most easily done in a singular real 
coordinate chart, although when the complex structure is particularly relevant to a calculation, 
we use certain adapted complex coordinate charts. While all of this is quite elementary, there 
are some identifications that can be confusing, so it is helpful to make all of this very explicit. 
We calculate the curvature tensor for any one such metric g, assuming it is sufficiently regular. 
We then introduce the relevant class of Kahler edge potentials and describe the continuity 
method that will be used for the existence theory. As we recall, this particular continuity 
method is closely related to the Ricci iteration, that, naturally, we also treat simultaneously in 
this article. We conclude the section with a fairly lengthy description of the various function 
spaces that will be used later. Rather than a purely technical matter, this discussion gets to 
the heart of some of the more important analytic and geometric issues that must be faced here. 
There are two rather different choices of Holder spaces; one is naturally associated to this class 
of Kahler edge metrics and was employed, albeit in a slightly different guise, by Donaldson 
[19] . while the other, from [36], is well adapted to this edge geometry because of its naturality 
under dilations and has been used in many other analytic and geometric problems where edges 
appear. 



2.1 Coordinate systems 

As above, fix local complex coordinates {zi, . . . , Zn) = {zi,Z) with D = {zi = 0} locally. 
There are two other coordinate systems which are quite useful for certain purposes. The first 
is a singular holomorphic coordinate chart, where we replace by C = z^/p. Of course, C is 
multi-valued, but we can work locally in the logarithmic Riemann surface which uniformizes 
this variable. Thus if zi = pe^^~^^, then C = re^^~^^, where r = / f3 and 6 = (59. The second 
is the real cylindrical coordinate system {r,9,y) around D, where r = |C| as above, 6 is the 
argument of zi, and (yi, . . . ,y2n-2) = (ReZ,ImZ). Note that re^^~^^ = zi\zi\^~^ / (3. We use 
either {zi,Z) or {C,Z) in situations where the formalism of complex analysis is useful, and 
{r,6,y) elsewhere. For later purposes, note that 

dc = zf-'dz, ^ dzi = m^~'dc, ^ = zf ^ ^ = m^~'- (7) 

One big advantage of either of these other coordinate systems is that they make the model 
metric gjs appear less singular. Indeed, 

gp = \dC\^ + \dZ\^ = dr^ + (3\^de^ + \dy\\ (8) 
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In either case, one may regard the coordinate change as encoding the singularity of the metric 
via a singular coordinate system. This is only possible for edges of real codimension two, 
and there are many places, both in |19j and here, where we take advantage of this special 
situation. For edges of higher codimension, one cannot conceal the singular geometry so easily, 
see [36]. The expression for in cylindrical coordinates makes clear that for any /3, /3', we 
have Cigj3 < gpi < C25/3; the corresponding inequality in the original z coordinates must be 

stated slightly differently, as Cig/s < ^*g^' < C2gi3, where $(21, . . . , Zn) = (-zf , ^2, ■ ■ ■ , Zn)- 
We now compute the complex derivatives in these coordinates. We have 

5.1 = \e-^''{dp-^de) = \e~^'%Prf~hdr-^de), (9) 

and then 

9V = (/3rf-t(9,2 + la. + (10) 
The other mixed complex partials d"^^-^, ^"^i— compositions of the operators in 

Z Z'^ Z"^ Z Z^ Z'^ 

([9]) and their conjugates and certain combinations of the 9^^. From this we obtain that 

"-/II \ 
Ag.n = ^ [g^ruij =[dl + -dr + + Ay\u, (11) 

i,j=l \ p / 

since {gf^Y'^ = p^'^^^ = (/3r)f and (g^s)^^, (9/3)*^ = and all other (5/3)^^" = 

As already described, we shall work with the class of Kahler metrics g that satisfy condition 
([5]), and which we call asymptotically equivalent to (7^. If 51 is of this type, then 

g^^ = F-^p^-^l^, g^^.g^ = 0(/+^-'^), and all other g'^ = 0(1) (12) 

for some 77' > 0, hence 




where 

E := r^-^ a^j^{r,e,y){rdrydi{rdyr. 
i+i+l/^l<2 

Here 77 > is determined from ij' and /3, and all coefficients have some specified regularity 
down to r = 0. In particular, the coefficient matrix (c^-s) is positive definite, with Crs{O,0,y) 
independent of 9, and the coefficients Ojj^ are bounded as r — )• 0. Thus there are no cross- 
terms to leading order, and the 11 part of this operator is 'standard' once we multiply the 
entire operator by F. 

One way that this asymptotic structure will be used is as follows. Fundamental to this 
work is the role of the family of dilations Sx : (r, 6, y) 1— )• (Ar, 6*, Ay) centered at some point 
p €z D corresponding to y = 0. If we push forward this operator by Sx, which has the effect of 
expanding a very small neighbourhood of p, then the principal part scales approximately like 
A^ while E scales like A^~^. Hence, after a linear change of the y coordinates, 

^A~^(S'a)*A3 — > Agg as A ^ 00 (14) 
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where A = F{p). In particular, E scales away completely. 

One important comment is that if the derivatives Uij are all bounded, and if g satisfies these 
asymptotic conditions, then so does g, where cnj = gij + Uij. 

A key point in the treatment below, exploited by Donaldson [19], is that for any Kahler 
metric g, Ag only involves combinations of the following second order operators: 



^'li 



li 



{dr 



idr + 



-1 



/3r 



de)dzi, i = 2,... ,n, and 



ek 



/3r 

The precise combinations of the derivatives with respect to ^2, . . . , into their (1,0) and (0, 1) 
parts is mostly irrelevant. For later reference, we therefore set 

Q = {Qi]iex = {dr,r~'^de, dy^,dy^y^,drdy^,d8, drdg, d8dy^,Pu}, (15) 

and 

Q* = = QU{dl{l/r)dr, {l/r^)dl}. (16) 

As a final note, let us record the form of the complex Monge- Ampere operator in these coor- 
dinates, for any Kahler metric which satisfies the decay assumptions above. We have 



(a; + V-l59n)"/w" 



— -det(5^ + ^ni), 



where = Ujj^g^'^ . Using the calculations above, we have 

= F-^P^iu + 0{r'^)uij, 

^\prf~h^~^PikU + 0(r'^+^"^)Pnn, 
'\Pr)y^Pau + 0{r'^+y^)ui^, 
g^~^P,^u + 0{r^Wi. 

Hence if we multiply every column but the first in (5--' + \/—\u^) by e^^^^(/3r)^/^~^ and every 
row but the first by e~^'^^(/3r)^~^'''^, then the determinant remains the same, and we have 
shown that 

(l + F-^P^lu F~^P^iu ... F-^P^iu 



U.: 



det(5'jj+ V^Ui 
det gij 



det 



+ R, 



(17) 



V g'^'PikU 

where R = r^Ro{upq), with Rq polynomial in its entries. 



1 + g^'P^^n^ 



2.2 Kahler edge potentials 

Fix a smooth Kahler form ujq with [ojq] £ Q = fi^,/?. Consider the space of all Kahler potentials 
relative to loq, asymptotically equivalent to the model metric, 

y-ujo ■■= W e C°^{M\D) n C°(M) : uj^ := + V^ddip > on M 

and ujip asymptotically equivalent to cj^}. (18) 
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Note that in our notation T-Li^^ = for any uj G H-ojo • The first observation is that such Kahler 
edge metrics exist. 

Lemma 2.2. Let f3 £ (0, 1]. Then T-L^^ is non-empty. 

Proof. Let /i be a smooth Hermitian metric on Lo- We claim that for c > sufficiently small, 

cPo:=c\s\f = c{\s\l)'' en^,. (19) 

To prove this, it suffices to consider p E M\D near D. Use a local holomorphic frame e for 
and local holomorphic coordinates {zi}'^^^ valid in a neighborhood of p, such that s = zie, so 
that locally D is cut out by zi. Let a := |e||, and set H := , so \s\ff = H\zi\'^^. Note that 
H is smooth and positive. Then 



-ldd\s\l^ = /3^H\Zl\'^^-'^^/^dZlAdZl 

+2/3Re(|zip'^zr^ V^fi^i A dH) + jzip/^. 



-IddH. 



(20) 



For c > small, the form uq + \/— lc?5(/)o is positive definite and satisfies the conditions of ([5]), 
hence is asymptotically equivalent to g/^. □ 

It is useful to record the form of uj^^ in the (C, Z) coordinates as well. First note that if ipQ 
is a Kahler potential for uq, then using ([7]), 



Next, Is 



2/3 



-iaaV'o=(V'o).ifil/3CI" 

+ 2Re((V'o).iii(/3C)^ 

: /S^i^lCp, hence 



1 A dC 

1-1 



IdC Adzj) + (^o)^,. 



-1 dzj A dzj. 



(21) 



-I59(c|s|f ) = c/32(^/^i/dC AdC + 2Re(C\/^c^C A9i?) + \C\'^V^ddH). (22) 



From these two expressions, it is clear once again that (/>o G 'Hujo when c is sufficiently small. 
Putting these expressions together shows that + \/— T ddcpo is locally equal to 

m^~\i^o)z^zT + cfS^H + c|/3C| t//,^^ + 2c/3^+^Re(C^i7^ 



2Re ((/3C)^"'(V'o).i57 + c(3^CHjj + c^^^\KH^^ 



/-IdC AdC 



The reason for writing the derivatives of ipo and -ff with respect to zi rather than is because 
we know that both of these functions are smooth in the original z coordinates, and hence so 
are its derivatives with respect to z. 

We now use this expression to deduce some properties of the curvature tensor of g. This 
turns out to be simple in this singular holomorphic coordinate system. The coefficients of the 
(0, 4) curvature tensor are given by 



R 



ijkl 



~9iiM + 9 9it,k9sil 



(24) 



where the indices after a comma indicate differentiation with respect to a variable. In the 
following, contrary to previous notation, we temporarily use the subscripts 1 and 1 to denote 
components of the metric or derivatives with respect to C, and not zi or zi. 
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Lemma 2.3. The curvature tensor of to = uq + is uniformly bounded on M\D 

provided (3 G (0, ^] . 

Proof. Since in the {C,,Z) coordinates, cl < [gi^\ < CI, it suffices to sliow tliat \Ri7jf^i\ < C. 
From ([23]), 

511,1 = 0(ICP"'), 5ij,i = 0(|Cp-'), g,^^, = 0{W-\ 

5iU = 0(l), <^,-, = o(|C| + |CP"'), 9^J,k = 0{l). 

Similarly, |<7,,-h-| < C{1 + KP"' + ICP"')- □ 

As indicated by Donaldson, there seem to be genuine cohomological obstructions to finding 
reference edge metrics with bounded curvature when /3 > 1/2. Nevertheless, in Proposition lA.il 

it is shown that the bisectional curvature of oj is bounded from above on M\L' provided 
/3<1. 

2.3 The twisted Ricci potential 

From now on (except when otherwise stated) we denote 

w:=a;o + V^aa</>oG-Ha;o, (25) 

with (pQ given by (|19p . In the remainder of this article, we refer to oj as the reference metric. 
Define ^ by 

V^ddf^ = Ric (J - (1 - /3) [D] - fiu, (26) 
where [D] denotes the current of integration along D, and with the normalization 

1 /" e^"w" = l, where V := [ a;". (27) 

We call this the twisted Ricci potential; this terminology refers to the fact that the adjoint 
bundle Km + (1 — P)Ld takes the place of the canonical bundle Km- Alternatively, one can 
also think of Ricw — (1 — /3)[-D] as a kind of Bakery-Emery Ricci tensor. By ()20p . 



a.7(n!^/^dz A dz) = det f^^^+_^^^ ] 



n 



fok\zi\^'^ + Y^ifik + f2kZl + f3kzl)\zi\^'^-^ (28) 



A;=0 k=l 

where all fjk are smooth functions of {zi, . . . , Zn), and dz := dzi A • • • A dzn- 

2.4 The continuity method for the twisted Kahler-Einstein equation 

The existence of Kahler-Einstein metrics asymptotically equivalent to is governed by the 
Monge-Ampere equation 

^ g/.-M'/'^n. (29) 

We seek a solution ip G Tii^a, and shall do so using the classical continuity method. We 
consider a continuity path in the space of metrics (with some specified regularity) obtained 
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essentially by concatenating (and extending) two previously studied paths, one by Aubin [2j in 
the positive case and the other by Tian-Yau |51j in the negative case. The path is given by 



uj — Slfi 



s G (—00, fj] 



(30) 



where ip{—oo) = 0, and w, 




uj. By a result of Wu [55], for s — —00, there exists a 



solution (p{s) of the form s + o(l/s). A key feature of this continuity path is that 



which implies the very useful property that for all solutions 99(5) along this path, the Ricci 
curvature is bounded below on M\D, i.e., Ricw^ > sw^. As we explain in §6.3^ another 
important property is that the Mabuchi K-energy is monotone along this path. 

Much of the remainder of this article is directed toward analyzing this family of Monge- 
Ampere equations: §3 describes the linear analysis needed to understand the openness part of 
the continuity argument as well as the regularity theory; §4 uses this linear analysis to prove that 
solutions are automatically 'smooth' at D, by which we mean that they are polyhomogeneous 
(see below); the a priori estimates needed to obtain the closedness of the continuity argument 
are derived in the remaining sections of the article, and the proof is concluded in ^ 

We will pursue a somewhat parallel development of this proof using two different scales of 
Holder spaces since one goal of this article is to illustrate the relative merits of each of these 
classes of function spaces, with future applications in mind. Certain aspects of the proof work 
much more easily in one rather than the other, but we give a complete proof of the existence 
in either framework. The proof of higher regularity, which shows that these two approaches 
are ultimately equivalent, is very closely tied, however, to only one of these scales of spaces. 

Remark 2.4. The continuity path (j30p has several useful properties, some already noted above, 
which are necessary for the proof of Theorem [2] when /3 > 1/2. However, we also consider the 
two-parameter family of equations 



where A := (—00, 0] x [0, 1] U[0, fi] x {1}. This incorporates the continuity path s = fi,0 < t < 1, 
which is the common one in the literature. The analysis required to study this two-parameter 
family requires little extra effort, and has been included since it may be useful elsewhere. 
It provides an opportunity to use the Chern-Lu inequality in its full generality (see In 
addition, we have already noted that one cannot obtain openness for (I30p at s = —00 directly, 
but must produce a solution for s (very) negative by some other method. Wu [55j accomplishes 
this by a perturbation argument; this augmented continuity argument gives yet another means 
to do this, but works only when /3 < 1/2. We refer to ^for more details. 

We emphasize that our proof of Theorem [2] in full generality requires the path (I30p (i.e., 
fixing t = 1). 

2.5 The twisted Ricci iteration 

The idea of using the particular continuity method ()30p to prove the existence of Kahler- 
Einstein metrics for all fi (independently of sign) was suggested in jJJl p. 1533]. As explained 
there and recalled below, this path arises from discretizing the Ricci flow via the Ricci iteration. 
Naturally then, after treating this continuity path we will be in a position to prove smooth 
edge convergence of the (twisted) Ricci iteration to the Kahler-Einstein edge metric. 



Rico;^ = suj^ + (m - s)uj + (1 - (3)[D] 



(31) 




s,t) G A, 



(32) 
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One Kahler-Ricci flow in our setting is 



du;{t) 



Ric u;{t) + {I- f3)[D] + i^uj{t) 



Lo{0) =u e% 



dt 



Let r G (0, c«). The (time r) Ricci iteration, introduced in [32], is the sequence {wfcrjfcGN C Tiu), 
satisfying the equations 

^kr = ^{k~l)T +Tf^^kT - rRicwfe^ + t(1 - I3)[D], t^Or = ^, 
for each A: G N for which a solution exists in Hi^. Equivalently, let LVkr = ^tpkr^ with ip^r = 



Since the first step is simply lo^^ = ui'^e^'^^^~^^''^^ , the Ricci iteration exists (uniquely) once a 
solution exists (uniquely) for (|30p for s = M — 7- Thus, much like for the Ricci flow, a key point 
is to prove uniformity of the a priori estimates as k tends to inflnity. The convergence to the 
Kahler-Einstein metric then follows essentially by the monotonicity of the twisted K-energy if 
the Kahler-Einstein metric is unique. 

As noted above, our choice of the particular continuity path (j30p allows us to treat the 
continuity method and the Ricci iteration in a unifled manner. When /U < 0, our estimates for 
pop , the arguments of [12], and the higher regularity developed in 21 imply the uniqueness, 
existence and edge smooth convergence of the iteration, for all r. When fi > the uniqueness 
of the (twisted) Ricci iteration was proven recently by Berndtsson [9], and it follows from his 
result that whenever the twisted K-energy Eq is proper then also the Kahler-Einstein edge 
metric must be unique. Given this, our analysis in this article and in [32] then immediately 
implies edge smooth convergence of the iteration for large enough times steps, more speciflcally, 
provided r > and is proper, or else provided r > l/an^^j, and an^^ > fx, where aa^ui 
is Tian's invariant deflned in §6.31 (note that by Lemma 16.91 this assumption implies E^ is 
proper). As pointed out to us by Berman, given the results of |:_42j, the remaining cases follow 
immediately in the same manner by using one additional very useful pluripotential estimate 
contained in |8j Lemma 6.4] and stated explicitly in [6], and recalled in Lemma 16.81 below. 
As already observed in [7] this estimate gives in an elegant manner a uniform estimate on the 
oscillation of solutions along the iteration, and is used in [7| to prove convergence of the twisted 
Ricci iteration and flow in very general singular settings, smoothly away from the singular set, 
and global convergence on the level of potentials. Our result below, in the case /.i > 0, is 
complementary to theirs since it shows how to use their uniform estimate and our analysis to 
obtain smooth convergence near the edge. We thank Berman for his encouragement to include 
this result here, prior to the appearance of [7]. 

To summarize, we have the following statement. 

Theorem 2.5. Under the assumptions of Theorem\^ the Ricci iteration ()33p exists uniquely 
and converges in v'ifr\A^ to a unique Kahler-Einstein edge metric in 7i^. 

These function spaces encode the strongest possible convergence for this problem, and are 
deflned directly below. 

2.6 Function spaces 

To conclude this section of preliminary material, we review the various function spaces used 
below. These are the 'wedge and edge' Holder spaces, as well as the spaces of conormal and 



E/LiV'/r- Then, 




(33) 
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poly homogeneous functions necessary for our treatment of the the higher regularity theory. 
The wedge Holder spaces are the ones used in [26l |T9] , and are naturally associated to the 
incomplete edge geometry. The edge spaces, introduced in [36] are also naturally associated to 
this geometry and have some particularly favorable properties stemming from their invariance 
under dilations. Using this, certain parts of the proofs below become quite simple. The wedge 
Holder spaces, on the other hand, are closer to standard Holder spaces, and indeed reduce to 
them when (3 = 1. They impose stronger regularity conditions. Since we use both types of 
spaces here, we describe many of the proofs below with respect in both settings in hopes of 
giving the reader a better sense of their relative advantages. 

Before giving any of the formal definitions below, let us recall that a Holder space is naturally 
associated to a distance function d via the Holder seminorm 

\u{p) - u{p')\ 

d{v,p')<\ 

We only need to take the supremum over points with distance at most 1 apart, since if p') > 
1, then this quotient is bounded by 2sup|u|. The two different spaces below differ simply 
through the different choices of distance function d. 



2.6.1 Wedge Holder spaces 

First consider the distance function di associated to the model metric gjs; note that it is clearly 
equivalent to replace the actual gj^ distance function with any other function on M x M which 
is uniformly equivalent, and it is simplest to use the one defined in the coordinates {r,9,y) by 

di{{r,9,y),{r',e',y')) = y/\r - r'|2 + (r + r')2|(9 - B'l"^ + \y - y'|2. 

Note that the angle parameter f3 does not appear explicitly in this formula, but if we were to 
have included it, there would be a factor of before (r + r')^|0 — This changes di at most 
by a factor, so we may as well omit it altogether. 

Now define the wedge Holder space Cw^ = Cw'^{M) to consist of all functions u on M \ D 
for which 

||^i|U;0,7 := sup 1^1 + ['U](ii;0,7 < OO. 

The spaces with higher regularity are defined using differentiations with respect to unit 
length vector fields with respect to (7^; these vector fields are spanned by dr, r~^dg and dyj. 
Thus 

= {u : dlir-'deYd^u G C^'^(M) V i + j + < k}. 

There is one potentially confusing point about these spaces, especially if we compare this 
definition with the equivalent one given in [19\ - As is evident from the definition above, the 
space Cw^ above does not depend on the cone angle parameter /3 (at least so long as (3 stays 
bounded away from and 00). However, suppose we consider the (apparently) fixed function 
/ = = i?" for some a > in terms of the original holomorphic coordinates. In terms of 
the cylindrical coordinates {r,6,y), we have / = cr"/^ for some constant c, and hence / G Cw'^ 
if and only if a//3 > 7, i.e., a > f3j. Inequalities of this type appear in pj)]. This seems 
inconsistent with the claim that the Holder space is independent of f3; the discrepancy between 
these statements is explained by observing that the singular coordinate change does depend on 
/3, and while the function is independent of /3, its composition with this coordinate change 
is not. Equivalently, if we pull back the function space Cw'^ via this coordinate change, then we 
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get a varying family of function spaces on M. We prefer, however, to think of M \ D as a fixed 
but singular geometric object, with smooth structure determined by the coordinates {r,6,y), 
and with a single scale of naturally associated Holder spaces. 



2.6.2 Edge Holder spaces 

Now consider the distance function d2 associated to the complete metric 

gp ■= r ^9/3 = ^ h /3^de. 

As before, we can replace the distance d2 by another metric uniformly equivalent to it, which 
we take as 

d2{{r,e,y),{r',9',y')) = (r + r')" Vk - r'\^ + (r + r'f\e - 0'|2 + \y - y'|2, 

where we only consider r, r' < C. As before, we do not need to include any factors of /3. 

The Holder norm ||M||e;0,7 defined using the seminorm associated to d2- The higher 

Holder norms are defined using unit-length vector fields with respect to g^, which are spanned 
by {rdr,dg,rdy}. The corresponding spaces of functions for which these norms are finite are 
denoted Q'^ = Ce'^{M). We use the subscript e here to follow long-established notation [36j. 

The key property of this distance function is that it is invariant with respect to the scaling 

ir,9,y) ^ iXr,9,Xy) 

for any A > 0. The vector fields rdr, 8$ and rdy are also invariant with respect to these 
dilations. This means that ux^y(^{r,9,y) = u{X''^r,9, X^^y + yo), then ||^iA,?/olle;fc,7 = ll^l|e;fc,7- 
(We assume, of course, that both (r, 9, y) and (A~^r, 9, X^^y + yo) lie in the domain of u.) One 
way to interpret this is as follows. Consider the annulus 

Bx,yo ■■= {{r, 9,y):0<X<r<2X, \y - yo\ < A}, 

for A small. The image of this annulus under translation by yo ™d dilation by A~^ is the 
standard annulus Bi q. Hence if u is supported in Bx^y^, then ua.j/o is defined in Bi q and 

ll^l|e;fc,7 I |''^A,iyo I le;fc,7' 

For any G M, we also define weighted edge Holder spaces 

r^C^^(X) = {u = r''v:ve C^^(X)}. 

Although Ce'^^iX) C L°°{X), elements ofCe''^{X) need not be continuous at r = 0; an easy 
example is the function sin log r, which lies in Ce''' for all k. On the other hand, elements of 
r'^Ce'^ are continuous and vanish at D ii u > 0. 

2.6.3 Comparison between the wedge and edge Holder spaces 

We now comment on the differences between these spaces. Since r, r' < C, we have di < C^^d2, 
and hence 

||^||e;fc,7 ^ C''''! |u| l^jfc^^, 

or equivalently, 

Ct'^ C C^^. (34) 
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In fact, elements in the wedge Holder space enjoy significantly more regularity than those in 
the edge Holder space. We have already commented that while elements of C^'^ are bounded, 
they need not be continuous up to D, whereas elements of Cw'^ certainly are. Moreover, if 
u S Cw^ ^ then u{0,6,y) is independent of 6 and lies in C'^''^{D), while by contrast, if E Ce''^, 
then the 'tangential' difference quotient \u{r,6,y) — u{r,9,y')\/\y — y'l"^ can blow up like r~'^. 

Given these considerations, the utility of the edge Holder spaces is not obvious. However, 
there are also some big advantages to using them. First of all note that if fi £ (0, 1), the function 
r'^ lies in Cw^ only if /x < 7, while r'^ S Ce'^ for all 7 € (0,1). Next, passing to the higher 
Holder norms, the function r'^ never lies in Cw'^ if > 1, but since (rdryr^ = fj^r'^, we see that 
r'^ G Ce'"' for all A; > 0. In other words, the edge spaces more naturally accomodate noninteger 
exponents. This is a big advantage when dealing with the singular elliptic equations under 
consideration here because solutions of such equations typically involve noninteger powers of 
r, and it is quite reasonable to think of these solutions as being infinitely differentiable. Thus, 
while it is possible to use the wedge Holder spaces for the existence and deformation theory of 
KE edge metrics, one is then forced to work with a restricted range of Holder exponents, and 
is then prevented from easily studying the higher differentiability properties of solutions. We 
shall see below how these issues are handled easily with the edge Holder spaces. 

In the remainder of this article, whenever our discussion applies to both of these spaces, we 
refer to the 'generic' singular Holder space Cs''^ , where 

s equals either w or e. 

This s should not be confused with the parameter s along the continuity path (I30p . 

2.6.4 Hybrid Holder spaces 

Before proceeding, we also recall some intermediate spaces based on the edge geometry but 
which provide better control in the tangential {dy) directions. As remarked above, if < 
then 

To remedy this, we introduce the following hybrid spaces: 
For any e M, < 7 < 1 and < £' < £, define 

{u = r^v : {rdrydi{rdy)^'d^'v G C°'^ for + + < k, \fi'\ < k'}. 

In other words, we still only allow A; + 7 derivatives, but up to k' of them may be taken with 
respect to dy while all the rest must be taken with respect to rdr, dg and rdy. 

2.6.5 Conormal and polyhomogeneous functions 

The final set of spaces we define are the spaces of conormal and polyhomogeneous functions. 
Definition 2.6. For any G M, define 

A''{X)= f] r'^Ci'^'^'iX). 

i,>i'>0 

This is the space of conormal functions (of weight v). Thus elements of A'^ are bounded by r'^ , 
as are all of their derivatives with respect to the vector fields rdr, dg and dy. 
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Next, we say that u E A'^{X) is polyhomogeneous, and write u G -^phg(^)' ^/ ^'^•^ 
expansion of the form 

oo Nj 
j=0 p=0 

where the coefficients ajp are all , and {o'j} is a discrete sequence of complex numbers such 
that Reaj — >• oo, with Reaj > for all j and Nj = if Re a j = v. This expansion can he 
differentiated arbitrarily many times with the corresponding differentiated remainder. We say 
that u has a nonnegative index set ifu£ -^phg- ^^te finally that ifu£ -^phg' ^^^n u is bounded. 

These spaces are the correct analogues of the spaces of infinitely differentiable functions in 
this context. Unlike in the smooth setting, however, we make a distinction between functions 
which are infinitely differential (conormal) and those which have "Taylor series" expansions 
(i.e. are polyhomogeneous). These function spaces accomodate behavior typical for solutions 
of degenerate elliptic edge problems, e.g., functions like r*^ (log r)^a(0, y) where a is smooth, p 
is a nonnegative integer and a £ C 

3 Linear analysis 

We now present the key facts about the linear elliptic theory needed to handle the existence, 
deformation and regularity theory for canonical edge metrics. We discuss this from two points 
of view, on the one hand reviewing the estimates obtained by Donaldson in the wedge Holder 
spaces, and also proving the analogous estimates in the edge Holder spaces as consequences of 
basic properties of edge pseudodifferential operators, as developed in [36] . 

Fix a Kahler edge metric g on M with cone angle 27r/3 along the smooth divisor D; we 
initially suppose that the metric g is polyhomogeneous along D, though this will be relaxed 
later. As in the introduction, we consider the Laplacian Ag, or slightly more generally, any 
operator of the form L = Ag + V where ^ is a polyhomogeneous function with nonnegative 
index set (so that V is bounded), or even just a bounded function with some given Holder 
regularity. 

Our goal here is to explain how the known polyhomogeneous structure of the Schwartz kernel 
of the inverse for the Friedrichs extension of L leads to the estimates we need later. This inverse 
is a pseudodifferential edge operator, and the theory in [36] yields rather detailed information 
about its Schwartz kernel. We now recall certain aspects of this theory and explain how it 
applies to the problem at hand. In a parallel discussion we also recall Donaldson's estimates 
and explain the relationship between these two approaches. 

3.1 Edge structures and edge operators 

As we have already indicated in the definitions of the Holder spaces above, there is some 
advantage to considering the pair (M, D) as a genuinely singular (stratified) object; the general 
notion of an edge structure is a good way to formulate this. 

The general setting is as follows. Let X be a compact manifold with boundary, such that 
dX is the total space of a fibration, with fibre F and base Y. For us, X is the real blowup of 
M around D. This is a manifold with boundary, where dX is the unit normal sphere bundle 
SND of D in M, and hence is the total space of an bundle over D. More precisely, the 
real blowup X := [M;D] is the disjoint union (M \ D) \J SND, endowed with the unique 
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smallest topological and differential structure so that the lifts of smooth functions on M and 
polar coordinates around D are smooth. This comes equipped with a smooth blowdown map 
B:X^M. 

There is a slight subtlety in the desription of this smooth structure which we already 
encountered above, which concerns the fact that there is an incompatibility between the smooth 
structure provided by the holomorphic coordinates (zi, . . . where D = {zi =0} locally, 
in terms of which the metrics we consider have the simplest descriptions as Kdhler metrics, 
and the smooth structure provided by the cylindrical coordinate system (r, 6, y) we defined 
earlier. Indeed, since r = we see that functions smooth with respect to z are not 

necessarily smooth with respect to (r, 9, y) and vice versa, although there is an equivalence 
between these two smooth structures (provided by this coordinate transformation). This is 
closely analogous to a similar change of smooth structures that explains two descriptions of 
the asymptotic behaviour of the Bergman and Kahler-Einstein metrics near the boundary of 
a strictly pseudoconvex domain ^20j . 

The best way to come to terms with this inconsistency is to realize that what is important 
is not the smooth structure on X but rather the 'poly homogeneous structure', i.e., the ring 
of poly homogeneous functions, since this is invariant under this coordinate change. In any 
case, continuing on, dX is defined by {p = 0}, and the fibres are defined by {y = const.}. 
Functions on X are poly homogeneous if they are polyhomogeneous either with respect to 
{r,6,y) or else with respect to p= \zi\, 9, y. 

To continue with our description of edge structures, define the space of smooth edge vec- 
tor fields on X. This is the space Ve{X) consisting of all smooth vector fields on X which 
are unconstrained in the interior, but which lie tangent to the fibres at the boundary. For 
X = [M,D], in cylindrical coordinates, Ve{X) is generated by rdr, dg and rdy. The space of 
differential edge operators Diffg(X) is then the set of operators which can be written as locally 
finite sums of products of elements of VeiX). Thus again for X = [M, D], for any m > 0, the 
typical element of Diff™(X) has the form 

A= E a,k^.{r,9,y){rdrydl{rdyr. (35) 

j+k+\fi\<m 

We henceforth restrict attention solely to the case X = [M; D] and m = 2, though the main 
linear results below hold in greater generality. 

If g is an incomplete edge metric on M with cone angle f3, then + V can be written 
out as in (jlip . with a principal part and an error term E. The operator A = r^L is an edge 
operator in the sense defined just above. 

A differential edge operator A is called elliptic if it is an 'elliptic combination' of elements of 
Ve{X), e.g., a sum of squares of a generating set of sections plus lower order terms. This is the 
case here and we refer to [36] for a formulation of ellipticity in this setting, and in particular a 
coordinate-invariant notion of an edge symbol. 

3.2 Normal and indicial operators 

If A is an elliptic edge operator, its mapping properties are governed not only by its ellipticity, 
but by two model operators defined at any point of D. In the general theory these are called 
the indicial and normal operators, I (A) and N{A), respectively, and there is an invariant 
description for these too. Here we simply record that for A = r^L, 

N{A) = {sdsf + r^dl + s^A^, and /(^) = (sd.f + ^^dl 
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where {s,w) are global affine coordinates on a half-space x M^"~^ and 6 E 5|^. Formally, 
N{A) is obtained by dropping the error term E, freezing coordinates at a given point yo ^ 
-D, and replacing the local coordinates {r,y) by the global affine coordinates {s,w); more 
invariantly, N(A) acts on functions on the inward-pointing normal bundle of the fiber of dX 
over uq. Similarly, I{A) is defined by dropping the terms in A^(^) which have the property 
that they map any function s"'v{6, w) (with v smooth) to a function which vanishes faster than 
r". The only term in the operator N{A) above which has this effect is r'^A^. In general, both 
N{A) and I{A) could depend on yo (for example, if the cone angle varies along D), but here 
they do not. Note that 

N{A) = s^Lp where Lp = + ^9, + + 

is the Laplacian of the flat model metric y^ . 

A number a G C is called an indicial root of A (and also of L) if there is some nontrivial 
i){e) such that I{A)s''%l:{e) = 0; for A = r'^L, 

I{A)s''i;{e) = ir^dl + a^)ip = 

\ipj{9) = ttj cos j9 + bj sinje, j > 1, Vo(6') = 1- 

Hence, is a 'double' indicial root, which means that both /(A)(s°) and I{A){s°logs) = 0, 
which is special to the fact that D has codimension 2. It is important that 6 lies on a compact 
manifold (namely, 5^), since these indicial roots are just the square roots of the eigenvalues of 
(3~'^dg. Note also that for any a and ip{9,y) G C°°, we always have A{r°-il){6,y)) = 0{r°-), and 
a is an indicial root if and only if A{r'^ipj) = 0{r"'~^^) and ip = ipj (multiplied by an arbitrary 
function of y). 

3.3 Mapping properties and the Priedrichs domain 

We next describe the basic mapping properties of L on weighted Holder spaces; they follow 
from [36\ Corollary 6.4] applied to the operator A = r'^L. 

Proposition 3.1. The mapping 

has closed range if and only if v ^ {^i J G 

The weights corresponding to indicial roots are excluded because, as it is not difficult to 
see, at these values this mapping does not have closed range. The emphasis in [36] is on 
the Fredholm and semi-Fredholm theory (in fact, (j3.ip is never Fredholm in our case: when 
< 0, the nuUspace is infinite dimensional, while if > is nonindicial, the cokernel is closed 
but infinite dimensional). This lack of a 'Fredholm range' is again special to an edge of real 
codimension two. 

It is more useful, however, to consider L as an unbounded operator acting on a single space, 
rather than as an operator between two differently weighted spaces. The main point is that 
(assuming V is real), L is a symmetric operator on the core domain C'^{M\D). It is well- 
known that if the codimension of D is at least 4, then there is a unique closed extension of this 
symmetric operator, and it is self-adjoint. In our case, however, there are many self-adjoint 
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extensions, and even more closed extensions. These are in bijective correspondence with the 
Lagrangian (with respect to a certain natural symplectic structure) and closed subspaces of 
the quotient Pjnax(-^)/^miii(-^); respectively, where the maximal and minimal domains for L 
are defined by 

-DmUL) = {ue L2(M) : Lu G L\M)} 

T^min{L) = {u G L2(M) : 3 G C^{M \ D) s.t. Uj u, Luj ^ / in L^} 

In the definition of Pmax! Lu is defined distributionally, but only on the smooth part of M. The 
closed operators (L,Pmax) and (L,Dmin) are Hilbert-space adjoints. The canonical self-adjoint 
Friedrichs extension is defined in the customary way using the coercive quadratic form 

{u,v) = / {Vu-Vv - Vuv) dVg. 

In our setting we can identify the Friedrichs domain Dp^-^L), i.e., the domain of this Friedrichs 
extension, quite explicitly. One can show, see [361 §7], that any u G Pprl-^^) has a 'weak' partial 
expansion u ~ 'Uo(y) + u, where u = 0{r^^) for some // > 0; it is weak in the sense that it is an 
asymptotic expansion in the usual sense (in particular, with decaying remainder) only if both 
sides are paired with a test function xiv) (depending only on y). In other words, u lies in this 
Friedrichs domain if and only if 

(r, 9) ^ {u{r, 9, ■),x{y)) = {uo{y), xiv)) + 0{r>'). 

In general, if u does not lie in the Friedrichs domain, then this expansion would have an extra 
term on the right of the form {uQi{y),x{y)) log r, so the Friedrichs condition is simply that this 
coefficient of logr vanish for all Xi i-G-; that the distribution uqi vanish. A principal source of 
the difficulties reported in [38] revolved around the issue of working with such weak expansions. 

Henceforth we only work with the Friedrichs extension of L, and denote it simply by L. It 
is straightforward to deduce using Hardy- type estimates that the domain 'Dpj-{L) is compactly 
contained in L^, which means that L has discrete spectrum. The nullspace is finite dimensional 
and consists of bounded poly homogeneous (provided both g and V are polyhomogeneous) 
functions G the generalized inverse of L, so 

LG = GL = ld - H, 

where H is the finite rank orthogonal projector onto the nullspace. 
In contrast to Proposition 13. H we now focus on the mapping 

L : L^iM,dVg) D VpAL) L^{M,dVg), 

which is invertible at least on a subspace of finite codimension. We commenced with the 
theory, which is well-known, but now shift to the analogous but less well known analogue in 
Holder spaces. Thus, proceeding by analogy with these definitions, set 

Note that if u is only assumed to be bounded and to satisfy Lu G Cs'"* , then for s = e, it 
is a standard consequence of regularity in the edge theory that u G Ce'^ . However, for an 
arbitrary element of Ce'^ , it is definitely not true that Lu is bounded, since typically it lies only 
in r~^Ce''^. The analogous statement fov s = w is also not necessarily true (although it is true 
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that any such u hes in C^''*' away from r = 0). Indeed, as we explain below, V-S' contains the 
function v = r^/^^e*^, and if /3 > 1/2, then d'^v is not bounded either. Because functions of this 
type arise naturally here, we henceforth assume that 

if s = u;, then 7 G [0, 1) n [0, ^ - 1] (36) 

Finally, note that any such u lies in C^'^ locally away from r = 0. 

The main issue in understanding the (essentially invertible) mappings 

L : P°'^(L) C°'^ (37) 

is to obtain more explicit characterizations of these singular 'Holder-Priedrichs' domains. The 
Green function G provides a first step in this direction. 

Proposition 3.2. LetK be the nullspace of L inL'^{M,dVg) (which coincides with the nullspace 
inCt'^). Then 

PO'^(L) = G(CO'^) ®K = {u = Gf:fe C"'^} © K, 



Proof. Since Cs''^ C L'^{M, dVg), the space on the right is well-defined. If u is in the space on the 
right, then clearly Lu = / G Cg'^ ■ Conversely, if u G Cg''^ , f G Cg''^ and Lu = f distributionally, 
then u is in the Friedrichs domain, and hence u = Of + v for some v ^ K. □ 

3.4 Finer properties of functions in the Holder-Friedrichs domains 

This last proposition sets the stage for the more detailed study of the regularity of functions in 
these domains. In this subsection we first briefly recall Donaldson's estimates, which provide 
a characterization of 'D^'^{L), and then state the corresponding results for ^^'^{L), with the 
proofs deferred to the next subsection. We also describe some auxiliary regularity properties 
of elements in the edge domain which will be useful later. 

We prove two main things here. First, Vg'^ is strictly smaller than Ce'^ , while is 
strictly larger than Cw^: wc characterize these domains in terms of which derivatives lie in Cg''^ ■ 
Second, we show that this domain is independent of the operator L in the sense that it remains 
the same if we replace the polyhomogeneous Kahler edge metric co by any metric oju, where 
the Kahler potential u itself only lies in Dg'^ , and V G Cg'^ . 

The first of these issues is the analogue of a classical result that the Friedrichs domain of the 
Laplacian on a closed smooth manifold M is just H'^[M)] in other words, if u is in the Friedrichs 
domain, then every first and second derivative lies in L^, and conversely. This follows from the 
classical elliptic estimates in Sobolev spaces, of course, but is also equivalent to the classical 
fact that the Ricsz potentials df.j o A^^ arc bounded operators on L^. For operators with 
smooth coefficients, the analogous fact is an immediate consequence of the boundedness of 
pseudodifferential operators of order 0, since the analogous 'variable curvature Riesz potentials' 
lie in this class. For metrics and operators with rougher coefficients, we could use that Ricsz 
potentials arc singular integral operators (i.e., C alder on- Zygmund operators), and invoke the 
standard boundedness properties of that class of operators on either or Holder spaces. 
This outline inverts the history, since the theory of singular integral and pseudodifferential 
operators, and in particular their boundedness properties, was developed precisely to answer 
and generalize questions of this type. 

If u is an arbitrary function in Vs'^{L), then it is not true that every second derivative 
which appears in the operator L applied to u lands in Cg'^. Donaldson's simple yet crucial 
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observation [TU] is that this is not necessary! As described in §2, the Monge-Ampere operator 
only involves the particular combinations of second derivatives of the form g^^Uij (no summa- 
tion), or equivalently, using the notation introduced there, the expressions Piju. Fortuitously, 
these operators characterize the Holder-Priedrichs domain. 

Proposition 3.3. Let Q be the set of operators (jl5p . Then 

VY<{L) = {ue CO'^ : Qiu G C^'^ VQ, G Q}. 
(When s = w we are assuming (j36p . ) Equivalently, each of the maps 

Q,oG: C"'^ CO'^ Qi G Q, (38) 
is bounded. If (3 < 1/2, then we have the stronger statements that 

PO'^(L) = {n G C"-^ : Q*u G C°'^ VQ* G Q*}, 

and each 
is bounded. 

Remark 3.4. To state the characterization in this Proposition even more plainly, then if 
u G P°'^(L) then 

\\g'^Uij\\s;0,'y < C{\\Lu\\s-0,-y + ||tt||co)) 

(no summation) which corresponds precisely to the result in |19] when s = w. 
There is another useful way to phrase this. Define the norms 



1^,0,7 = \ \U\ 



:;0,-y + \\QiU\\s;0,-f and | jlil |^0,7 = | jlil |s;0,7 + X] \\QiU\\s-0,^- (39) 



Later on we also use the seminorms [•]250,7 and [•]* 0,7; which are defined by omitting the initial 

s U g 

1 1 • I L-o -7- This proposition implies that 1 1 • W^^o,-, and 1 1 • 1 1* 7 induce Banach space structures on 

Vs'^ when /3 > 1/2 and /3 < 1/2, respectively. The space Vw'' is essentially the one introduced 
by Donaldson [19] and denoted C'^''^'!^ in that article. Note, however, the characterization of 
T>^'^ when /3 < 1/2, which includes the individual derivatives 9^, r~^dr and r~^dg; this is 
sharper than what seems to be possible to obtain using the methods in [l9j. We also see below 
that applying these derivatives to elements of P^'^ definitely does not give bounded functions 
when /3 > 1/2. 

Noting that the complex operators Pij are sums of the operators Qi, proving one direction 
of this proposition is trivial: if u and every QiU lie in Cs'^ , then obviously Lu G Cs'^ since 
Lu is just a sum of these terms with coefficients in Cg'^ (or better). The other direction is 
equivalent to the boundedness properties of the compositions Qi o G , or Q* o G ii /3 < 1/2. For 
s = w, this is accomplished by Donaldson for the model problem by direct methods; he then 
indicates that the passage from these estimates for the model problem to those for the global 
'curved' problem can be handled by patching together the local estimates. For s = e, we use 
the structure of these operators as pseudodifferential edge operators of order and then invoke 
the basic boundedness results for such operators. We shall explain all of this more carefully in 
the next subsection. 

Assuming this result, we deduce the following: 
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Corollary 3.5. Let <j) € n PSH(Af, w). If L := A^^ + V, where V G C°'^, then 

P^(L)=P0,7(L). 



Proof. If n G Vs''^{L), then by Proposition 13.31 n and every QiU lie in Cs'^, therefore G Cs'''^ 
since this is a hnear combination of u and PjjU with coefficients in Cs'^ , and the PijU are similar 
combinations of the QiU. 

The converse is the assertion that if Lu = / G Cs'^ , then every QiU G C?'''^, which in turn is 
equivalent to the a priori estimate 



Suppose first that ||(/'||s;2,7 is small. Then write g^^^ = (1 + e^^)g^\ where | |e*-'| |s;o,7 is small 
(note ([36]) is needed here). Decompose A(^_^ = A^^^ + E accordingly. Rewriting Lu = / as 
^ujj,u = f — Vu G Cs'"^, we may as well suppose that V = Q. Now, with G the Green function 



where 11 is the rank one projection onto constants. But S o G is a bounded operator on Cs 
with small norm, hence G = G o (Id + E o G)~'^ is an inverse to A^_^ up to a rank one error. 

Furthermore, the image of G is the same as the image of G, hence equals Ps'^(L). 

If (j) has large norm, then we consider the path of metrics Wo-^, < o" < 1, The argument 
above shows that the domain remains locally constant, so by compactness of the interval, the 
domain remains constant throughout. This proves the other direction. □ 

We also prove one further result about the pointwise properties of this domain for s = e, 
since as we have already commented, even the continuity of these functions is not immediately 
obvious from the basic definition. 

Corollary 3.6. If u ^ 'De''^, then u, dgu and every dyU is continuous on up to r = 0, and has 
a well-defined restriction on D which is independent of 9. 

Proof. By Proposition 13.31 drU,drdy^u,drdgu,r~^d0U G Ce'"^; in particular, these functions are 
all bounded. Now integrate from r = rg to r = to obtain that these functions are continuous 
to r = 0. If this 'boundary value' were to depend on 9 nontrivially, then r~^dgu would be 
unbounded, which we know is not the case. □ 



3.5 Pseudodifferential edge operators and their boundedness 

We describe the proof of Proposition 13.31 in this subsection. The main point is to understand 
the structure of the Green function G, or more specifically, the precise pointwise structure of 
its Schwartz kernel G{z, z'). This is then used to obtain the necessary bounds on the integrals 



||Qiw|Uo,7 < C'll/IUo,^ 



for A, 



L o G = (A^ + o G = Id + ^ o G - n. 



It is obvious that T>e''^ C Ce''^. Also, by ([Ml) and Proposition 13.21 



pU,7 ^ pu 



(40) 




(41) 



21 



The main point of the discussion below is that the operators Qi o G are pseudodifferential 
edge operators of 'nonnegative type' (which we define precisely below), and it is a general 
fact that if A is any such operator, then A is bounded on Cg'^- Donaldson [19] proved the 
boundedness of the special operators Pij o G on Cw"^. On the other hand, if Q is an arbitrary 
second derivative, that QoG does not always have nonnegative index sets, as we explain below, 
and the boundedness will not be true then. 

Viewed more broadly, the polyhomogeneous structure of G allows one to deduce the cor- 
responding poly homogeneous structure of the 'Riesz potentials' Qi o G; the boundedness of 
these operators on various natural function spaces is then a basic feature of the edge calculus. 
Donaldson derived the polyhomogeneous structure of the Green function for the flat model 
problem by explicit calculation (some form of which is similar to the calculations in |36|). 
and then proved the Holder estimates on the wedge spaces by hand. As noted earlier, the edge 
calculus is simply a systematization of the perturbation arguments which allow one to pass 
from this flat model to the actual curved problem. 

The edge calculus ^e(^) is a space of pseudodifferential operators on X, elements of which 
have degeneracies at dX similar to the ones exhibited by differential edge operators as in (I35p . 
We use X systematically now rather than M since it is important that we work on a manifold 
with boundary. This space of operators is large enough to contain not only all differential edge 
operators A, but also parametrices and generalized inverses for A, provided A is elliptic in this 
category, and also for incomplete elliptic edge operators like L = r~'^A. The term 'calculus' 
is used to indicate that ^*(X) is almost closed under composition, with the caveat that not 
every pair of elements may be composed due to growth properties of Schwartz kernels in the 
incoming and outgoing variables which prevent the corresponding integrals from converging. 

An element B G ^*{X) is characterized by the regularity properties of its Schwartz kernel 
B{z,z') as a distribution on X x X; the superscript * is a placeholder for a set of indices which 
indicate the singularity structure of this distribution in various regimes. By definition, any 
such B{z,z') is the pushforward of a distribution Kb defined on a space Xf, called the edge 
double space, which is a resolution of X'^ obtained by performing a (real) blow-up of the fiber 
diagonal of dX^. This distribution Kb has a standard pseudodifferential singularity along the 
lifted diagonal (by which we mean a polyhomogeneous expansion in powers of the distance 
to this submanifold) , as well as polyhomogeneous expansions at all boundary hypersurfaces 
of Xg. and product-type expansions at the higher codimension corners. We have defined 
polyhomogeneity on manifolds with boundary earlier, and will extend this to manifolds with 
corners below. The detailed notation B E \^^y^'^rt,Ei{ ^-^-^ records the pseudodifferential order 
m along the diagonal and and the exponent sets in the expansions at the various boundary 
faces. We explain this in more detail now. 

We first construct the blowup X^. The product X'^ = XxX isa manifold with corners up to 
codimension two. The corner (dX)^ has a distinguished submanifold, denoted fdiaggjC) which is 
the fiber diagonal. We blow this up normally, to obtain a space [X^, fdiaggj^^] := Using the 
local coordinates (r, 6, y) above on the first factor of X and an identical copy (r', 9\ y') on the 
second copy, the corner is the submanifold {r = r' = 0}, and fdiaggj^ = {r = r' = 0,y = y'}. 
The blowup may be thought of as introducing polar coordinates around this submanifold: 

R = \{r,r',y- y')\, uj = R'^{r,r' ,y - y'), 

R>0, uj e S"^'^ = {w = (wi,W2,w) : uji,uj2 > 0}, 

supplemented by y',6,9' to make a full coordinate system. Thus X'^ has a new boundary 
hypersurface, defined as {R = 0}, called the 'front face' ff, and the lifts of the two original 
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boundary hypersurfaces, given as {ui = 0} and {lj2 = 0}, called the right and left faces, rf and 
If, respectively. We write defining functions for these faces as ps, prf and pif. The diagonal of 

lifts to the submanifold diagg = {uj = (1/^2, l/\/2, 0), 6" = e',R> 0}. 

Here are some motivations for this construction. First, Schwartz kernels of pseudodifferen- 
tial operators are singular along the diagonal in X'^, but the fact that this diagonal intersects 
the corner nontransversely makes these singularities hard to describe near this intersection. By 
contrast, the lifted diagonal diagg intersects the boundary of X'^ only in the interior of ff , and 
this intersection is transversal. Another feature is that X^ captures the homogeneity under 
dilations inherent in this problem. The flat model operator 

Lf} = dl + r-^dr + {Pr)-^d^ + A^, 

on the product space [0, oo)^ x Sg x M^"^^ is homogeneous of order —2 with respect to the 
dilations {r,9,y) i->- {Xr,9,Xy), and is also translation invariant in y. It follows that the 
Schwartz kernel Gp{z,z') of the inverse for the Priedrichs extension of Lp commutes with 
translations in y, i.e., depends only on the difference y — y' rather than y and y' individually, 
and is homogeneous of order — 2n + 2 in the sense that 

G^(Ar, A/, \{y - y'),e, 6') = \-^^^''Gp{r, r',y- y', 6, 9'). (42) 

In the polar coordinate system above, this simply says that 

Gp{r, r',y - y' , 9, 9') = ^^(a;, 9, 9')R-^''+\ (43) 

This imphes that lifts to the double space (M+ x x as a product of and 

an 'angular part' Qp. A further analysis shows that Qp has a sing ularity at a; = (1/^2, 1/^2,0) 
and polyhomogeneous expansions along the side faces {oji = 0} and {w2 = 0}. 

We now recall the general definition of polyhomogeneity. We do this only on the model 
orthant O = (IR"*")*^ x M^, with linear coordinates (xi, . . . ,Xk,yi, ■ ■ ■ ,ye), but it is easy to see 
that this definition is coordinate-invariant, so this discussion translates immediately to arbitrary 
manifolds with corners. First, let 

Vb{0) = spancoo {xidxi Xkd^^ ,dy-„...,dyj 

be the space of all smooth vector fields tangent to all boundaries of this space. We may as well 
assume that all distributions are supported in a ball + < 1}. li u = {vi, . . . , ui^;) G M.^, 
then u is conormal of order v, u & A'^{0), if 

Fi . . . VjU G x^L°°(0) V j > and for all Vi G Vb{0). 

Next, u is polyhomogeneous if near the origin in O, u has an expansion of the form 

u ~ ^u^^p{y)x^ {log xf, 

where {7} is a sequence of elements in C*^ such that any region Re ((^j) < Cj, j = 1, . . . , /c, 
contains only finitely many elements of this set; here (logx)** = (logxi)*'i . . . (logx^)^*', with 
each p G N^, and such that \p\ < N{'y). The coefficients aj^p{y) are smooth. We associate 
to such an expansion an index family E = {E^^^}, £ = l,...,k, consisting of all pairs of 
multi- indices {(7,^)} of exponents which occur in this expansion, and denote by -Ap^^g the 
space of all such distributions. As in the codimension one case, we say that u G .4^hg 
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poly homogeneous and if each index set E^^^ is greater than or equal to in the sense described 
earlier. We also write the simple index set {(7+^, 0) : £ G No} simply as (7); thus A-^^lg — a;'^C°°, 
i.e., u = x^v where v is C°° up to that face. (Even more specifically, a function which is smooth 
in the traditional sense up to the boundary and corners has index set (0).) 
We now define the space of pseudodifferential edge operators on X. 

Definition 3.7. We say that B G x^^^^'^-^t'^^t (^x) if the Schwartz kernel of B is the pushforward 
from to X"^ of a distribution Kb on X^ which has the following properties. Kb decomposes 
as a sum isrg^ + i^Jj^^ where K^^^ = pg^^+^if^ is supported in a neighbourhood of diag^ which 
does not intersect the side faces, and which has a classical pseudodifferential singularity of 
order m along this lifted diagonal which is smoothly extendible across ff . (This simply says that 
the strength of the pseudodifferential singularity is uniform up to ff , after removing the factor 
Ps^^^^ ■) other hand, K^'^ is poly homogeneous on X^ with index sets (r — 2n) at ff, Ej.{ 

at rf and Eif at If. 

The point of this decomposition is simply to isolate the part of Kb which contains the 
diagonal singularity and to emphasize the uniformity of this singularity up to ff . The shift of 
the order at the front face by —2n is a normalization so that the Schwartz kernel of the identity 
operator, which is r~^5{r — r')5{9 — 9')5{y — y') relative to the measure dVg = rdrdOdy, has 
order 0. Indeed, using that 5{r — r') is homogeneous of degree —1 and 5{y — y') is homogeneous 
of degree 2 — 2n, this Schwartz kernel is homogeneous of order — 2n. 

Finally we may state the basic structure theorem for the Green function of L. 

Proposition 3.8. Let g be a poly homogeneous edge metric with angle (3 along D and L = 
— Ag + V where V is poly homogeneous and bounded on X, and suppose that G is the generalized 
inverse to the Friedrichs extension of L. Then G G ^'"^'^'^'^(X), where the index set E is 
determined by the indicial roots of Lp and by the index sets of g and V . In particular, if g and 
V are smooth (i.e., both have index set (0) at dX), then 

E (Z{{j/f3 + k,l) : j,k,e£'No and i = for j + k < 1} \ {(1, 0, 0)}. (44) 

Moreover, even if (as happens for our eventual solutions), g and V are poly homogeneous with 
index set contained in the index set (j44p . then the index set E for G is also contained in the 
index set (I44p . 

Remark 3.9. The fact that G has the same index set E at the left and right faces is natural 
since G is symmetric. The index set E may be slightly more complicated when /3 G Q since 
in that case j / (3 can equal a positive integer for certain j, and this creates extra logarithmic 
factors in the expansion (i.e., elements of E of the form {k, 1)), but these all occur outside the 
range ReC < 1, so do not enter into the considerations below. These log terms are absent if g 
is an orbifold metric. 

Finally, we emphasize that despite the somewhat elaborate language needed to state this 
result, this structure theorem for G is essentially the same as, or rather a slight refinement of, 
the one stated by Donaldson |19] . 

The proof of this result can be extracted from |36j : it is simply the elliptic parametrix 
construction in the edge calculus, altered slightly so as to accomodate operators such as the 
Laplacian of an incomplete, instead of a complete (as in |36]). edge metric. As with any 
parametrix construction, one must obtain detailed information about the solution operator for 
the model problem A^^, or in other words about the model Green function Gp. This is the 
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technical core, and the rest of the argument uses pseudodifferential calculus to show how to 
write the actual Green function for L as a perturbation of G/j. The specific information we need 
to obtain, then, is that the Schwartz kernel of has the same poly homogeneous structure as 
in the statement of Proposition 13. 8i This may be approached in several ways. One, as pursued 
in [36], is to take the Fourier transform in y, thus reducing to the family of operators 

A^ = d^,+r-''dr + {M'^dl-\v\^ 

on X where rj is the variable dual to y. This is analyzed directly either by separating 
variables or (what turns out to be more advantageous) multiplying by r^, setting p = logr and 
s = r\rj\ to convert this to 

Taking one further Fourier transform in the s variable, this reduces finally to the resolvent of 
the Laplacian on the circle, — (1 + a^) which is known explicitly. Chasing back through 

these transformations yields a tractable expression for G^. We refer to [36] for details. An 
alternate approach employed in [19] is to write Gjs as an integral over < t < oo of the 
heat kernel exp(tA^). This heat kernel is the product of the heat kernel on the model two 
dimensional cone with cone angle 27r/3 and the Euclidean heat kernel on M^"-"^. The former of 
these is known classically, albeit as an infinite sum involving Bessel functions, see [19] and |41j . 
while the latter is the standard Gaussian. Either method requires about the same amount of 
work. 

One seemingly minor point in the statement of Proposition 13.81 which is important below 
is the fact that the index set E does not contain the element (1,0), so in other words, the 
terms and (r')^ do not appear in the expansion of G at the left and right faces. This can be 
explained as follows. As a distribution, G{r,6,y,r' ,6' ,y') satisfies 

LG = r-^5{r - r')5{9 - e')6{y - y'). 

Calculating locally in the interior of rf, away from the front face, we see that LG = there. 
Since we know at this point that G is poly homogeneous, we can calculate formally, letting L 
act on the series expansion. It is then easy to see that L cannot annihilate the term a{0, y)r 
because r~^dr{r) = (and r~^dr appears in L). This proves the claim. 

We now state the basic boundedness theorem needed to prove Proposition 13.31 

Proposition 3.10. Let B G \^^'^''^'^ (X). 7f m < 0, r > and both E and E' are nonnegative 
(i.e. contain no terms (7,p) with Rej<0 or p > if Re^ = 0), then 

B : Ci'^'iX) Ci^^{X) 

is bounded for any ^ G Nq. 

Remark 3.11. For brevity, we shall often refer to the conditions here, that m < 0, r > and 
that the index sets at the left and right faces are nonnegative by simply saying that B has 
nonnegative type, or even just that B is nonnegative. 

This is proved as follows. First decompose B into a sum of two operators, Bi + B2, 
where the Schwartz kernel of Bi is supported near the lifted diagonal diagg in and that 
of B2 is supported away from this lifted diagonal. Hence Bi carries the full pseudodifferential 
singularity, while the Schwartz kernel of B2 is polyhomogeneous on Xl If f G Ci'"', then the 
fact that Bif G Ci'"' can be proved by reducing to the standard boundedness of (ordinary. 
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nondegenerate) pseudo differential operators on Holder spaces using scaling arguments. This 
uses that m < and r > 0. On the other hand, .62/ £ Cp"' for all s G Nq, hence is C°° in the 
interior. This is proved by a simple direct analysis of the integral defining -82/- This uses that 
the index sets at the side faces are nonnegative. 

Proof of Proposition 3.3. For the proof of the assertion when each QioG acts on Cw'^, we refer 
to dl]. 

As for the case when these operators act on Cg''*^, the proof follows directly from Proposi- 
tion 13.101 once we show that each QiG satisfies the hypotheses there, specifically that it has 
nonpositive pseudodifferential order (this is clear since Qi has order less than or equal to 2 
while G has order —2) and that its index sets are all nonnegative. We claim that this is true 
for every Qi G Q, and if ;5 < 1/2, then it is true for every Q* S Q*. 

The key point is that each of the vector fields rdr, Oq and rdy. on X lift smoothly via the 
blowdown map B to X"^; indeed, each of these lifts is a vector field on this blown up space which 
is tangent to all boundary faces. Thus p^B*dy^ is tangent to all faces, as is psB*r^^dg, while 
PffB*dr differentiates transversely to the left face, but is tangent to all other faces. From this we 
can deduce the claim. Indeed, one simply needs to check that each operator Qi £ Q lifts to an 
operator on X^ of the form Pg'^Qi where Qi acts tangentially along ff and which differentiates 
transversely to If in such a way that it annihilates the leading terms of the expansion there 
so that the resulting index set remains nonnegative. For example, examining the action along 
If, dr kills the leading term a^r^, and the derivative of the next term air^/^ is still bounded; 
for the action of r~^dg, we note that the leading coefficient oq of is independent of 6, so 
this term is also good; a similar case by case check ensures that the lifts of all the Qi have the 
appropriate properties. 

When (3 < 1/2, we have a bit more leeway since the expansion along If still has leading 
term ao^", but the next term is 02^^. Therefore, we can also act on this with d^, r~^dr and 
r~'^dQ and still produce an operator with nonnegative index sets. □ 

We remark that Donaldson only checks the boundedness of the operators PijoG for ij ^ 11, 
and then uses that P^j is a combination of Ag and the other Pjj. Our approach, however, shows 
that the operators Qi o G are bounded, and when /3 < 1/2, produces the simpler result that 
every Q* o G is bounded on Ce'^; in other words, in this case, all wedge second derivatives of 
any u G Ve'^ lie in Ce'^ . 

3.6 A comparison of methods 

The previous subsections consist of little more than a lot of terminology and the statements of 
basic results about edge operators, but once these are given, the actual proof of Proposition 13.31 
is immediate. Donaldson's article pl5] seems to give a more elementary proof of this same 
conclusion in the case of Cw"^, and it is worth saying a bit more about the similarities and 
differences between the approaches, as well as the advantages of each. 

We have already commented on the two different, but eventually equivalent, methods for 
constructing the kernel Gp. There is perhaps little to recommend one method over the other. 

The other two steps of the argument in [19] are in some sense inverted relative to the 
development here. Our parametrix construction is simply a systematic way to pass from the 
polyhomogeneous structure of the model inverse to the corresponding structure for the 
actual inverse G. This requires a certain amount of technical overhead, but the benefit is that 
one obtains the polyhomogeneous structure of G itself, which can be quite useful. The Holder 
boundedness for G and Gf^ are then deduced from the same general result about boundedness 
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of edge pseudodifferential operators. As we explained earlier, this in turn can be reduced by 
scaling to the boundedness of ordinary pseudodifferential operators on ordinary Holder spaces. 
This takes advantage of the approximate homogeneity structure of these operators and of the 
edge function spaces. Donaldson's argument, by contrast, first establishes the Holder estimates 
for the model operator using scaling arguments. He then briefly notes that these estimates 
can be patched together to obtain the Holder estimates for the differentiated kernels PijG. 
Thus the core difference between the approaches is that the patching (or transition from the 
model to the actual inverse) is done either at the level of the parametrix in the first approach, 
but only at the level of a priori estimates in the second. 

4 Higher regularity for solutions of the Monge— Ampere equa- 
tion 

We now use the machinery of the last section to prove one of our main results, that under 
reasonable initial hypotheses, solutions of the complex Monge-Ampere equation are polyho- 
mogeneous (Theorem [T]). This type of proof is quite standard now, and we list as precursors 
the proof of polyhomogeneity for complete Bergman and Kahler-Einstein metrics on strictly 
pseudoconvex domains by Lee and Melrose [30], and the existence of or obstructions to poly- 
homogeneity for solutions of the singular Yamabe problem [37] • The proof here is close to the 
one in this last reference. This regularity result was part of the announcement [38], and the 
proof here is the one envisioned there. We now work exclusively in the edge Holder spaces 
since they turn out to be the more natural tools for this problem. 

We turn to the proof of Theorem [TJ There are three main steps. The first is to show that 
u G Ce'^ for every A; G N; the second is to improve this to full conormality, i.e., to show that u E 
A^; finally, we improve this conormality to the existence of a polyhomogeneous expansion. The 
first step is equivalent to standard higher elliptic regularity for Monge-Ampere equations; this 
uses the dilation invariance properties of the edge Holder spaces in a crucial way. The second 
step then breaks this dilation invariance by showing that we may also differentiate arbitrarily 
many times along D. This uses the hybrid spaces introduced in §2.4. The final step uses an 
iteration to show that u has a longer and longer partial polyhomogeneous expansion. These last 
two steps require us to state a few further results about the boundedness of pseudodifferential 
edge operators which are needed in the course of the proof. 

Let us begin, then, by quoting a consequence of the Evans-Krylov-Safonov theory concern- 
ing solutions of Monge-Ampere equations [291 [211 [28] . 

Theorem 4.1. Let uj be a smooth Kdhler metric in a hall B C C"" and F G C°°{B x M). 
Suppose that u G C^{B) is a solution o/o;" = F{z,u) on B. Then for any k > 2, there is a 
constant C depending on k, co, sup^ \u\ and sup^ |Atjii| such that if B' is a ball with the same 
center as B but with half the radius, then 

1 1 ^1 Ic^'"'' (-B') — 

The constant C depends uniformly on the C^^^{B) norm of the coefficients of uj. 

In fact, the Evans-Krylov theorem gives the C'^'^{B) estimate. The higher regularity is 
obtained by a straightforward bootstrap, since differentiating the equation with respect to any 
coordinate vector field W gives a linear equation for Wu with coefficients depending on at 
most the second derivatives of u, to which we can apply ordinary Schauder estimates. We shall 
review a proof of an extension of this theorem to the singular setting in §11 below. 
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To use this in our setting, we first observe that the Monge-Ampere equation is invariant 
under the scahng (r, 0, y) — )• (Ar, 6, Xy), or in the original complex coordinates, {zi, . . . , Zn) 
(A^/^zi, Xz2, ■ ■ ■ , Xzn). Denote this scaling map by S\. We see from ([5]) that the rescalings of 
g converge up to a factor. Indeed, 

^'^Slg — > gp. 

Now let B be the ball of radius ro/2 centered at some point {rQ^yo) in the coordinates (r, y), 
where tq is small, and let B' be the product of the ball of half this radius. We consider the sets 
B X and B' x S^. The pointwise norm of the curvature tensor oi g in B x is bounded by 
Ctq^. Choose coordinates so that yo = 0, and consider the family of metrics 

— -2 

Sro — ^0 '-'rod- 

These are defined in BxS^ where i? is a ball of radius 1/2 centered at (1, 0). Let B' be the ball of 
radius 1/4 centered at this same point. Finally, consider the function Ur^ir, 9, y) = u{ror, 9, roy), 
also defined in B x S^. Then satisfies the Monge-Ampere equation with respect to the 
metrics gro in this standard ball, and the Evans-Krylov estimate then gives that 

ll^''ollfc,7;S'x5i - ^' 

where C depends in particular on y^Q, sup \ urf^\ and sup lA^^^^Urol. The assumption that u £ C"^ 
implies that these quantities are uniformly bounded as — )• 0, and hence Ur^ is uniformly 
bounded in any C''''^ norm in B' x S^. Finally, recall that the edge Holder norms are invariant 
under this rescaling. We have now proved that u G Ce'^ for any k >2. 

We have proved in particular that {rdrydgU is bounded for any j, ^ > 0, but a priori, we 
only know that derivatives with respect to dy blow up like some power of r. We now address 
this and show that these tangential derivates are bounded too. Write the Monge-Ampere 
equation as 

log det(5ij- + \/^Uij) = log dei{gij) + log F{z, u). 

Applying dy to both sides and using the well-known formula for the derivative of a logarithmic 
determinant, we find that 

(A^ + V)dyU = f, 

where gij = gij + ^/^UiJ, V = Fu{z,u)/F{z,u) and / = dylogdet{gij) + Fz{z,u) / F{z,u). 

Since u G V^''^ , we see that both V and / lie in Cg''^. Recalling also that dyU is bounded, 
we can now apply Corollary [331 which proves that dyU G Ve^ ■ 

To carry out this next iteration, let us define the higher hybrid domain spaces 

for any < k' < k. We have thus proved in the last paragraph that u G Pg'^'^ for any k > 0. 
In order to proceed, we must establish the analogue of Corollary 13.51 namely that if L has 
coefficients in Ce'^'^ and Lu = / G Ce'"''^ , then u G 7)^^^'^^' in addition, we need that 

pfc,7;fc' ^ C,^+2,7;fc'. (45) 

Assuming these two claims, then we see exactly as above that dyU G V'e''^'^ , and hence 
u G (^^+3'7.fc+i^ £qj. ^ ^_ Continuing, we obtain that u G T)^''^''^' for all k' < k, and hence 

u G 
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Let us prove these claims. Suppose we know that G : C^'^''' ^ Ce^-+2,7;fc -i some 
k'. Fix / G Ce''^'''' and set u = Gf. Then = G{dyf) + [G,dy]f. Proposition 3.30 in 
|36j asserts that the commutator [G,dy] lies in ^'^^'^'^'^(X); in other words, not only is there 
the usual cancellation at the diagonal so that this is still an operator of order —2, but there 
is also a cancellation at the front face, so this still vanishes to order 2 there. By induction, 
we obtain both that [G,dy]f G (^^+2,7.'= addition G{dyf) G Ce^^'^''^~^- Therefore, 

dyU G Ce~^^'^ or equivalently, u G (^^'+2.7.^ _ Now we may follow the steps in the proofs 

of Proposition 13.31 and Corollary 13.51 almost verbatim. The inclusion in (|45p is obtained from 
the boundedness of the operators Qi o G on every hybrid space Ce '^''^ , which is proved by the 
same induction as above. 

We come to the final step, that u is poly homogeneous. This requires two more boundedness 
properties of edge pseudodifferential operators, namely that this class of operators preserves 
the spaces of conormal and of polyhomogeneous functions. In particular, if B is any pseudod- 
ifferential edge operator, with nonnegative order at the front face and nonnegative index sets 
at the side faces, then 

B:A\X) A°{X) and (46) 

i?:^OhgW ^phg(^)- (47) 

We do not need to worry about the order of m along the diagonal since we are applying B to 
functions which are infinitely differentiable in an appropriate sense anyway. In fact, there is a 
refinement of these results which is what actually gives the improvement in the argument that 
follows. 

Lemma 4.2. Let B G ij;^'^'^'^ {X), where E and E' are nonnegative. Then 

B:A\X)^Al^^{X)+A\X), 

and more generally, if > 0, 

B : Al^^iX) + A^{X) Al^^iX) + A^+HX). 

Proof. The second assertion is an easy consequence of the first. To prove this first assertion, 
if B has index set with all exponents greater than or equal to 2 at the left (r — )• 0) face, then 
since B vanishes to order 2 at the front face, we can write B = r^B where B is nonnegative. 
Hence in that case, B : A^ — )■ A?. 

Now suppose that the exponents in the expansion of B at the left face of X| which lie in 
the range [0, 2) are 71, ... , and assume that there are no log terms in these expansions for 
simplicity. Then 

:= {rdr - li){rdr - 72) • • • {rdr - 1n)B G $^+^.2,E(2),£'(^)^ 

where E{2) is some new index set derived from E which has all elements greater than or equal 
to 2. Thus we can apply the previous observation to see that B^^^ : AP ^ A? , ox said slightly 
differently, if / is bounded and conormal, so / G AP., then B^^^f = n(^) is of the form r v 
where v is bounded and conormal. Now we can integrate the ODE (rdr — 71) . . . {rdr — In) 
to see that u = Bf has a partial polyhomogeneous expansion with all terms of the form r'^J , 
j = 1, . . . ,N, since each of these terms are killed by rdr ~ Ij- D 
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We wish to apply this lemma when G is the Green function for + V , where g and V are 
polyhomogeneous. It is straightforward to extend this result slightly to show that it remains 
valid for some fixed u provided both g and V only lie in ■^^^ + ■A'^ ■ We leave details of this 
extension to the reader. 

Finally, let us apply this to the equation LdyU = f. We know initially that / G A^, hence 
at the first step, dyU G -^phg + ^^^^ gives that / and the coefficients of L lie in 

^phg + hence dyU G A^^^ + A"^. Continuing on in this manner gives a complete expansion 
for dyU, and from this we deduce also that u is polyhomogeneous. This concludes the proof of 
Theorem [TJ 

Let us remark what is really going on in this proof. Once we have established that u is 
conormal, i.e., that it is infinitely differentiable with respect to rdr, dg and dy, then we can 
treat the Monge-Ampere equation satisfied by u as an ODE in the r direction; all dependence 
in the other directions can be treated parametrically, and in particular, y and 6 directions are 
harmless. 

Donaldson [19] already indicated this sort of iteration method to obtain full differentiability 
with respect to y, using his estimates for G on Cw'' . However, his method may not easily allow 
one to deduce the full conormality simply because it is based on differentating with respect to 
dr rather than rdr- This may seem like a minor thing, but since we must deal with functions 
with involve both integer powers of r and r^/^ ^ then inevitably all expressions involving both 
of these types of monomials is only finitely differentiable in the wedge spaces. By contrast, a 
basic point when using edge spaces is that any function should be regarded as 'smooth', for 
any 7 G C. 

Determination of leading terms 

For various applications below, in particular the refinement of the calculation of curvature, 
we must determine the first few terms of the expansion of a solution of the Monge-Ampere 
equation. 

Proposition 4.3. Let ip he a solution of the Monge-Ampere equation (I30p . Supposing that 
ip G 'D^s'^ , and hence by that theorem, p G -^phg' then the asymptotic expansion of (p takes the 
form 

p{r,e,y)^ a,M{0,yy^h^ogrY (48) 

as r \ 0. Certain coefficients are always absent; for example, gqqi = for I > and aiQi = 
for all I. If ajki = for some j, k for all i > 0, then we write this coefficient simply as Ojk- 
When 0< (3 < 1/2, 

ip{r, e, y) ~ aoo(y) + a2o{yy + (aoi(y) sin0 + 601 (y) cos e)r^ + a4o(y)r^ + 0(r^+') (49) 

for some e = e{l3) > 0; when f3 = 1/2, the asymptotic sum on the right includes an extra term 
(ao2(y) sin 26 + 602(2/) cos 29)r^; finally, if 1/2 < P < 1, then 

(p{r,d,y) =aoo(y) + (aoi(y) sin 6 + 601 (y) cos 0)r^ + a2o{yy + 0{r^+') (50) 
for some e = e(/3) > 0. 

We begin with a lemma. 
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Lemma 4.4. The twisted Ricci potential has an expansion 

n—1 n—1 

cok{0,y)r /5 + y X^ikjO, y) + C2fcr cos + csfcr sin 



k=-l k=0 

where each cjk is a smooth function of its arguments 
Proof It follows from ^ that 

n—1 n—1 

|2/3-2 ~ 



2/3-2 = foor ^ + 2^{fik + f2krcos9 + f3krsme))r . (51) 



k=-l k=0 



? where each fjk is a smooth function of the arguments rcos0,rsin0 and y. In addition, we 
have already noted that (po = r^^Q where <I>o is also smooth as a function of rcos^,rsin^ and 
y. The result now follows directly from the equation 



I |2^-2 „ ^ ' 



where F^^ is defined by \/—lddFi^g = Rici^o — + {I — I3)\/—Idd log a, (here we use the 
notation of Lemma 12. 2p and the equation itself fixes a normalization for Fi^^ , and again F^^^ is 
smooth in these same arguments. □ 



Proof of Proposition \4-S\ The idea is quite simple. Since we now know that ip has an asymp- 
totic expansion, we simply substitute a 'general' expansion into the equation 

c.^/a;- = F(z,v9) (52) 

and determine the unknown exponents and coefficients. Since our main case of interest is when 
F{z, if) = e^^~'^'^ , we shall explain the argument for this special function, but it should be clear 
that the same type of argument works in general. 

Using the precise form of the expansion for /^^ determined above, the index set for (p must 
be contained in 

r:={(j + A;//3,^) :j,A;,£gNo}, 

or in other words, the only terms which appear are of the form ajki{6 , y)r-^^'^ (log rY . This is 
done inductively. Supposing that we know that this is true for all j, k such that j + k/ f3 < A, 
then we only need consider the action of P^j on the next term in the series a^^r''' (log r)^. This 
must either be annihilated by P^j, i.e., 7 is an integer multiple of 1//3, or else it must match a 
previous term in the expansion, i.e. 7 — 2 = j' + k' / (3. In either case, the form of the expansion 
propagates one step further. 

Since the solution if is bounded, there are no terms aoo^(logr)^ with £ > 0, so using the 
convention in the statement of the theorem, the leading term is simply aoor^. Note further 
that aoo depends only on y but not on 6. This can be seen by substituting in the equation. If 
aoo were to depend nontrivially on 9, then the term Pii(p would contain r~^9|aooj and this is 
not cancelled by any other term in the equation. Hence aoo = '^oo(y)- 

Similar reasoning can be applied to the next few terms in the expansion. We use discreteness 
of the set of exponents to progressively isolate the most singular terms after we substitute the 
putative expansion for 99 into the equation. Since aoo is independent of 9, P^jaoo, PijOoo and 
Pjjaoo are bounded. Hence if the next term in the expansion is a^^r''' (log r)^ with 7 < 2, then 
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applying Pii to it produces as its most singular term r'''~^(log r)^(7^ + dg)a^i. This shows 
immediately that either 7 must be an indicial root, i.e., 7 = 1//3 if /3 > 1/2 with a^i a linear 
combination of cos^ and sin 9, or else 7 = 2. Note that this also shows that aiQi = for all 
^ > 0. 

Assuming 7 < 2 and ^ > 0, then using the leading order cancellation, then next most 

singular term in PiiaQ^r'^ {log rY is 7r'^~^(log r)^~^aoi£ with no other term to cancel it. This 
is impossible, so we have ruled out all terms with ^ > 0. If 7 = 2 and ^ > 0, there is no longer a 
leading order cancellation, but we are left with the singular term a2oeO-OgrY, so 020^ = when 
^ > 0. 

Now consider what happens to the term 020^^- It interacts with the leading order terms 
aoo in </? and cqo in ft^ only. Neither of these depend on 9, so we find that 020 is a function of 
y alone. 

We can continue this same reasoning further. Applying to the next term in the ex- 
pansion a^^r''' (log r)^ beyond 020"^^ produces a leading order term which is a nonzero multiple 
of o^^r'^"^ (log r)^ if £ > 0. Even though this term is bounded now, there are no other log 
terms at the level r'^~'^ in (j52p . On the other hand, if ^ = 0, then we end up with a term 
r'''~^(7^ + 5|)a-y0! and there are no terms in (j52p to cancel it either. Hence 7 must be one of the 
two indicial roots /c//3, k = 1 or 2, and the coefficient must be a linear combination of cos k9 
and sin k9. 

We comment further on the cases /3 = l/2or/3 = 1/4. In the former, one might suspect 
that one would need a term log rao2i because applying Pii to this should match the r° term 
coming from the leading coefficients of (p and However, those coefficients do not depend on 
9, whereas ao2i would be a combination of cos 29 and sin 29, as above, so there is no interaction. 
This is also true for /? = 1/4. □ 

Remark 4.5. It is worth noting that there are more terms in the expansion of the solution 
metric than in the expansion of the reference metric. Because of this, the computations in the 
appendix do not apply and one cannot conclude any boundedness of the bisectional curvatures 
when /3 > 1/2. 



5 Maximum principle and the uniform estimate 

We now recall the formulation of the maximum principle in this edge setting. The main issue 
is to find barrier functions which allow one to reduce to the classical maximum principle on 
M\D. These barrier functions were introduced in |26j . 

Lemma 5.1. Let f be continuous on M and satisfy \ f{r, 9, y) — a(y)\ < Cr"^ for some a G C^{D) 
and < 7 < 1. Then for e small enough, 

(i) For any C ^ 0, f + C|s|^ achieves its maximum and minimum in M\D; 
(a) For some c > 0, c|s|^ G PSH(M,a;). 

Proof, (i) The function |s|^ is comparable to r^/^, so for C > 0, r 1— )• f{r,6,y) + C|s|^ strictly 
increases, hence cannot reach its maximum at r = 0. 

(ii) If /i is a smooth Hermitian metric on L/j with global holomorphic section s so that D = 
s~^(0), then for any 6 > 0, we have yj—lddh > b\J—ldd log h. Setting h := |s|^ gives 

V^ddb > V^e\s\lddlog \s\h = -^e\s\fR{h) > -Cu, 

where C depends only on the choice of u, h, s, e, and C^^b G PSH(M, a;). □ 
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The assumption on / above holds in particular for / G Cyf , and more generally for / and 
Atj/ when / G V^s^. This lemma is used as follows. Replacing |s|^ by c|s|^ and letting c tend 
to 0, we obtain estimates which are the same as those one would expect from the maximum 
principle on M\D. See the proofs of Lemmas 15. 21 and l7.2l below for more on this. The uniqueness 
and a priori estimate when /U < are now immediate consequences. 

Lemma 5.2. Solutions to the Mange-Ampere equation (j32p with s < are unique in either 
V^S' n PSH(M, or Pe'"^ n PSH(M, w), and satisfy 

Ms,t)\\co^M)<C = Ci\\U\co^M),M,u;). (53) 

Proof. Uniqueness when s < is proved in [26]; that argument carries over directly to this 
Monge-Ampere equation and either of the types of function spaces we are using here, because 
of Lemma [5. 11 Finally, when s = the result of Blocki [12] gives uniqueness in L°°(M) up to a 
constant, but then that constant is uniquely determined since supip{0,t) = lim5_j.o- sup(/9(s,t). 

The same argument also shows that ||¥'('5)i)||c''(Af) ^ ~2s~"^||/a;||cO(M)) for each s < 0. One 
can then obtain a uniform estimate for all s < as follows. First, by the above, we may assume 
that s > S, for some S < 0. With respect to the fixed smooth Kahler form uq, ()32p can be 
rewritten as 

.,n _ n rp\ \2f3-2 tf^+ct-sip 

where F G C^{M). By the previous estimate, | |co(Af) ^ C uniformly in s. It follows 

that "^e*^-+'='-'^'^||iP(M,a;j) < Cp, for all p £ (1,1/(1 - /3)), with Cp independent of s. 

Assuming this, by Kolodziej's estimate [27] oscip{s,t) < C, with C > independent of s,t, 
and since by (f32]l ip{s,t) changes sign then also |(/9(s,t)| <C. □ 

6 The uniform estimate in the positive case 

In contrast to the nonpositive curvature cases, when /i > 0, there are well-known obstructions 
to the existence of an a priori estimate along the continuity path. In this section we review 
the standard theory due to Tian and others [491 [50] along with the necessary modifications to 
adapt it to our setting. For an alternative variational approach that can be applied to more 
general classes of plurisubharmonic functions we refer to [6]. 

6.1 Poincare and Sobolev inequalities 

In this subsection we show that along the continuity path (|30p one has uniform Poincare and 
Sobolev inequalities. 

We first prove that a uniform Poincare inequality holds as soon as s > e > 0. The following 
argument is the analogue of [50^ Lemma 6.12] in this edge setting, and also generalizes |34[ 
Lemma 3] to higher dimensions. The second part is the same assertion as [19, Proposition 8]. 
The proof here takes advantage of the fine regularity results for solutions available to us. 

Lemma 6.1. Denote by ^w^j^j the Friedrichs extension of the Laplacian associated to uj^(^s)- 

i) For any s G (0,//), > s. 

ii) For s = fi, Xi{—A^^^^^) > jj,. If {A^^^^^.^ + fi)ip = then Vg^^^j^/^ is a holomorphic vector 
field tangent to D. 
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Proof, (i) Let ifj be an eigenfunction of with eigenvalue — Ai. Since ip{s) is polyhomo- 

geneous, then the eigenfunctions of ^u)^(^^) are also poly homogeneous. This is a special case of 
the main regularity theorem for linear elliptic differential edge operators from [36]. The proof 
uses the same pseudodifferential machinery described in §3 (although for this particular result 
it is possible to give a more elementary proof). The key fact we need, that is a consequence of 

the use of the Friedrichs extension, is that ~ a^r^ + air~P + a2r^ + 0{r'^^^) for some > 0, 
and in particular there is no log r in this expansion. 
A standard Weitzenbock formula states that 

= Ric (Vg/, V,/) + I V2/|2 + V/(A,/). 

Since = 2A^ and iVVlg = 2|Vi'°Vi'VP + 2(A^/)2, this becomes 

A^lV^'Vl^ = 2Ric (V^'V, V°'V) + 2|Vi'°Vi'Vp + 2A?V^ - 4Ai|V^'V|2 . (54) 
We now claim that 

/ A^JV^-VI^ o;^ = 0. (55) 
This follows directly from the expansion of ^, since the worst term in the expansion of V^'''^ 

--1 --2 

is r-^ . Hence if we integrate over r > e then the boundary term is of order (taking 
into account the measure rdOdy on this boundary), and this tends to with e. This proves the 
claim. Thus integrating ([54|) and using that Rictj(s) > suj{s) when s < /j, we see that Ai > s. 

(ii) When s = /i this same argument yields Ai > fi. Moreover, equality holds precisely when 
yi,Oyi,o^ _ on M \ i.e., V^''^V' is a holomorphic vector field on M\D. Using the 
asymptotic expansion, V^''^'i/' is continuous up to D, and hence extends holomorphically to M. 
Now, the coefficient of its ^ component equals g^-^V'j- By (fT^ g^^ = 0{r^ ), i.e., vanishes on 

D for j 7^ 1, (and if) is infinitely differentiable in the j 7^ 1 directions), while is uniformly 

positive however by the asymptotic expansion ijji = 0{r^~^). In conclusion V^'^'V has no ^ 
component, hence is tangent to D. □ 

Let us now turn to an estimation of the Sobolev constant. First observe that the Sobolev 
inequality holds for the model edge metric 5^, i.e., 

and hence also for any metric uniformly equivalent to it. To check this, it suffices to show 
that this inequality holds in a neighbourhood of any point, and we only need to consider 
neighbourhoods around points of D. But in these we can use the (C, Z) coordinate system to 
reduce to the standard Euclidean case. An alternate proof can be given which uses that the 
heat kernel on (C"',5(/3) blows up no faster than 

The point here, however, is that we must show that the Sobolev constant is uniform in s 
when s > e. This can be done in a few different ways. The first is the most classical. It is 
well-known that a bound on the constant in the isoperimetric inequality implies a bound of the 
Sobolev constant, so we concentrate on the isoperimetric inequality. Croke [18] proved that if 
(M, g) is smooth (and compact) and Ric {g) > c > 0, then the isoperimetric constant has a 
bound depending only on the dimension, the volume, and the constant c. To prove Croke's 
result in this setting we need to establish some facts about the geodesic fiow. Since {M,g) 
is incomplete, we need to be cautious of the geodesies which hit the edge. Using that g is 
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poly homogeneous, and that the cone angle 27r/3 is less than 27r, we can prove that if p and q 
are any two points in M\D, then there is a minimizing geodesic which connects p to q, and 
furthermore, every such geodesic does not intersect D. This follows from a simple comparison 
argument: if a geodesic 7 approaches D, then approximating by the model metric (7^, one 
can find strictly shorter comparison curves which are bounded away from D. This can also 
be used to show that the set of initial directions of geodesies emanating from a given point 
p € M\D which hit D has measure zero in the unit sphere bundle SpM C TpM. With these 
two observations, one may check that Croke's bound on the isoperimetric constant is valid 
here too, and that this constant is controlled by the dimension and lower bound on the Ricci 
curvature only (since the volume is fixed in the Kahler class). 

Using this behavior of geodesies we also obtain a uniform diameter bound. Indeed, if 
p,q G M\D, and if 7 is a minimizing geodesic connecting them, then since 7 does not hit D 
we can apply the argument leading to Myer's theorem to obtain that if the length of 7 is too 
large, then it must contain a conjugate point in its interior, which contradicts its minimality. 

Another route to bounding the Sobolev constant uniformly uses a rather general result by 
Hajlasz-Koskela [24] (see also Saloff-Coste [43 j Theorem 2.1]). This states that if M is a metric 
measure space which has a volume doubling constant (i.e., there exists a constant > so 
that Yol{Bp{2r)) < CdVol{Bp{r)) for all p G M and r > 0), then if M satisfies a weak local 
Poincare inequality, then there is also a global Sobolev inequality, with perhaps a suboptimal 
exponent, and with constant depending only on the volume, diameter bound, Poincare constant 
and doubling constant Cd- We have control of all the other quantities, so we must show only 
that Cd is also controlled. This is done as follows. If p S M\D and R < ^distt^^^^j {p, D), then 
this follows from standard volume comparison properties, which depend on the lower Ricci 
bound. If the radius is larger, or if p G D, then we may approximate by the model metric gjs, 
where the computation is straightforward. 

In either case, we have proved: 

Lemma 6.2. Let s > e. There exists uniform constants C > and k > 2 depending only on 
{M,u)),n and e so that for any f £ VF^'^(M, Wi^^^-j), 



Remark 6.3. We conclude this discussion by noting one other approach to the estimation of 
the Sobolev constants in the case when D satisfies some positivity assumption (e.g., when D is 
ample). Then general results of Demailly imply that [D] can be approximated by cohomologous 
smooth (1,1) forms with small negative part. Using this, and solving a regularized version of 
our Monge-Ampere equation, can be approximated smoothly on compact subsets oi M\D 
by Kahler forms OJ^p^ ■ whose Ricci curvature is positive and uniformly bounded away from zero. 
It is then not difficult to verify that the uniform bound on the Sobolev constant of uJ^p^ ■ implies 
that of a;^(s). 

6.2 Energy functionals 

Unlike in the previous cases, there are well-known obstructions to obtaining a estimate in 
the positive case. The existence of such an estimate is then described in terms of the behavior 
of certain energy functionals. For more background we refer to 1^ 135} [5CTj . 




35 



The energy functionals /, J, introduced by Aubin [2j, are defined by 



^ Jm V Jm 

I _ n-l 

1 Jm f-f 



V 



This definition certainly makes sense for pairs of smooth Kahler forms, and by Corollarv l3.6l and 
the continuity of the mixed Monge- Ampere operators on PSH(M, wq) H C^{M) [H Proposition 
2.3], these functionals can be uniquely extended to pairs {ujqjUJ^), with ojq smooth and u)^ G 
Tiu)o , and hence also to x 71^ , where now by u we mean the reference metric given by ([25]) . 
These functionals are nonnegative and equivalent, 

1 Tl 

-J<I-J< I<nJ. (56) 

n ~ ~ n+1 ~ 

One use of these functionals is in deriving a conditional estimate. 

Lemma 6.4. Let s e (0,/i). Any C°(M) n PSH(M, solution ip{s) to ^ is unique. More- 
over, if(p{s) e then ||v'(s)||co(m) < C{1 + I{uj,uj^(s))), for alls G (e,^). 

Proof. The uniqueness is due to Berndtsson [9j. 

We now prove the estimate. Using the uniform estimates on the Poincare and Sobolev 
constants, the arguments proceed much as in the smooth case f50| Lemma 6.19]. 

First, let G^j be the Green function of — A^;, i.e., —A^G^i = — G^jAj^ = Id — H, where 11 
is the orthogonal projector onto the constants. (Note that this is contrary to our previous 
sign convention for G, but conforms with the usual convention for this estimate.) Necessarily, 

Gij(-, z)cj"(z) = 0. We claim that := — infMxM G^) < oo. Assuming this for the 
moment, we can write 

^,{z)=V-' [ / G^(x,y)A^(^,(y)w-(y). 

Jm Jm 

Hence, since — n < A^ifs, 

sup <f{s)<^ I ip{s)uj'"' + nVA^, (57) 
^ Jm 

To prove this claim about the Green function, recall that 

/■oo 

Giz,2)= {H{t,z,z)-U{z,z))dt, 



where H is the heat kernel associated to this (Friedrichs) Laplacian, and n(z, z) is the Schwartz 
kernel of this rank one projector. This integral converges absolutely for any z ^ z. We rewrite 
this as 



G{z,z) = j H{t,z,z)dt-Ii{z,z) + j {H{t,z,z) -U{z,2))dt. (58) 

It follows easily from standard estimates that the integral from 1 to oo converges to a bounded 
function. On the other hand, by the maximum principle, H > 0, so the first term on the right 
is nonpositive. Finally, Il{z, z) = is just a constant, so G is bounded below. 
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To conclude the proof, it suffices to prove — inf(/9(s) < —y Jm^(^)'^^{s) (iiideed, (p{s) 
changes sign by the normalization (p6|) of f^i, so ||'/'(s)||cO(j\/) ^ osc(^(s)). This can be shown 
in one of two ways. The first is by noting that Bando-Mabuchi's Green's function lower 
bound [4] extends to our present setting, and thus Ai^(^g-^ < C uniformly in s and — inf ip[s) < 
— y fj^,j ip{s)uj^^^s^ + nVC. Indeed, the proof of their bound relies on an estimate of Cheng-Li 

|16j of the heat kernel z, z) — < Ct~"' with C depending only on terms of the 

Poincare and Sobolev constants, and hence independent of s > e. Thus, by ([58|) ^^(s) < C, as 
desired. The second is by a Moser iteration. The only difference from the classical argument 
\57\ [35] is that the exponent that appears in the iteration is c := instead of ^^"^ ; since 
c > 1 this makes no difference. □ 



6.3 Mabuchi's K-energy and Tian's invariants 

Define the twisted Mabuchi K-energy functional by integration over paths } C Tiuj^ smooth 
in t, 

E^{uj,uj^) := -- iptA^J^^uj:^^Adt. (59) 

^ Jmx[0,1] 

Its critical points are Kahler-Einstein edge metrics. The following is an extension of a formula 
of Tian [171 p. 254], [48, (5.12)] (cf. OEI]) to the twisted setting. In particular it shows that 
-Eq is well-defined on T-L^^^ x T-L^^. The proof, as others in this subsection, are straightforward 
extensions of their counterparts from the smooth setting, and are included for the reader's 
convenience. 

Lemma 6.5. One has, 

1 f uj^ 1 f 

E^^{u,u^) = - log^u;^-^(/- J)(^,^^) + - / ^(a;"-^p. (60) 

Proof. For any smooth (in t) path {w^j} C Hu; connecting w and [50", p. 70], 

{I - J){uj,uj^,) = - ^ / iftA^, iftu}^, Adt. (61) 

V JMx[0,1] 

Hence the variation of the right hand side of ()60p equals 

A^^Pi log — + 1 + /^y? - /oj 



and this coincides with dEQ{ip) since f^^ = fui — fJ-f — log ^ + with c<^ a constant. The 
formula then follows since both sides vanish when uj^ = u. □ 

As noted in the Introduction, a key property of the continuity path (I30p is the monotonicity 
of Eq. Monotonicity of similar twisted K-energy functionals was noted, e.g., in [32], and the 
following is the analogue of [42, Lemma 9.3]. 

Lemma 6.6. Eq is monotonically decreasing along the continuity path Ii30\) . 

Proof. By ([3T]) . ^f^ddf^^ = —{ji — s)y/^ddip, and from ([30]) we have (A<^ + s)ip = —cp. It 
follows that ^ 



ds ' 'P'^''' V 



AI 



and this is nonpositive by the positivity of A^ + sA;^, which is immediate for s < 0, and follows 
from Lemma l6.1[ when s £ (0,//). □ 



37 



We say, following Tian [IS], that Eq is proper if limj_j.oo(/ — J){uj,ujj) = oo implies 
limj_j>oo E'q (w, Wj) = oo. From Lemmas 16.41 and 16.61 we have: 

Corollary 6.7. Let ip{s) G n PSH(M, w). If is proper then \\fis)\\c'\M) ^ C, inde- 
pendently of s £ (e,/^)- 

We also note that as observed by Berman [6] , an alternative proof of Corollary 16.71 follows 
by combining Kolodziej's estimate [27j and the following result contained in [S*, Lemma 6.4] 
and [6] (note that ip{s) change sign). 

Lemma 6.8. Suppose J{u,u^) < C. Then for eacht > there exists C = C {C, M,u},t) 

such that fj^ e-*(^-™P^)L^" < C. 

We next recall the definition of Tian's invariants [45 ^ |46] 

an,^ := sup | a : sup / g-'^^^'^^P^^x" < oo), a(M) := aei(M),a.o> 

I3n,c. ■■= sup { 6 : Ric X > 6x, X G n^}, P{M) := sup{ 6 : Ric A > 6A, A G Uf^}, 

where the measure x" is assumed to have density in L^'(M, cuq), for some p > 1, and where, for 
emphasis, is given by ([18]) and, when M is Fano, "H^ denotes the space of smooth Kahler 
forms representing ci(M) (and finally, as always O = ^ci(M) — ^-^ci^Ld) with 17 = [loq] = [uj], 
ojQ a smooth Kahler form, and uj = uj{(3) the reference Kahler edge current). These invariants 
are always positive as shown by Tian when x" is smooth, and hence by the Holder inequality 
also in general. For some relations between an^cu and an^cuo we refer to [6] where such invariants 
for singular measures were studied in depth. 

Lemma 6.9. Suppose that oq^ui — > £• Then Eq > el — C, for some C > 0. 

Proof. Again we follow the classical argument [48 ( p. 164], [50] p. 95]. Note that for any 
a e (0,aaj) there exists a constant Ca such that y J^^log^cj" > al{uj,uj^) — Ca- Indeed, by 
([57]) and Jensen's inequality, 

> i- [ e~'^'''^~y ■^m'P'^")uj"- 
^ Jai 

By §^ and 1^ it then follows that E^ > {a - -C. □ 

Corollary 6.10. For all s G (— oo, ^^a^^oj) H (— oo,^], we have ||v3(s)||cO(Af) ^ C, with C 
independent of s . 

Proof. When a^^oj > the result follows from Lemma 16.91 and Corollary 16.71 (note, as 
explained in ^ that there is no difficulty in treating the interval s E (0, e) for some e > 0). In 
general the classical derivation [50] carries over. □ 

This conditional estimate implies of course, given the other ingredients of the proof of 
Theorem [2] that P^^ui > min{/i, ^^^^a^^^}, just as in the smooth setting. We remark that 
Donaldson [TS] conjectured that when D C M is a smooth anticanonical divisor of a Fano 
manifold, then j3{M) = sup{ /3 : ([29]) admits a solution with = /3}. Our results have direct 
bearings on this problem that we will discuss elsewhere. 
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7 The Laplacian estimate 



Let / : M — )• be a holomorphic map between two complex manifolds. The Chern-Lu 
inequality was originally used by Lu to bound when the target manifold has negative 

bisectional curvature ^33] under some technical assumptions. This inequality was later used 
by Yau [56] together with his maximum principle to greatly generalize the result to the case 
where (M, w) is a complete Kahler manifold with a lower bound Ci on the Ricci curvature, 
and (A'^, rj) is a Hermitian manifold whose bisectional curvature is bounded above by a negative 
constant — C3. These results lead to Yau's Schwarz lemma, which says that the map / decreases 
distances in a manner depending only on C3 > and Ci. 

In a related direction, the use of the Chern-Lu inequality to prove a Laplacian estimate 
for complex Monge-Ampere equations seems to go back in print at least to Bando-Kobayashi 
[3], who considered the case Rico; > —C2I] and C3 arbitrary (not necessarily positive) in the 
context of constructing a Ricci flat metric on the complement of a divisor. Next, the case 
Ricw > —Cibj (and again C3 arbitrary) was used in proving the a priori Laplacian estimate 
for the Ricci iteration [42] . 

The point of Proposition 17. II below is to state the Chern-Lu inequality in a unified manner 
that applies to a wide range of Monge-Ampere equations that appear naturally in Kahler 
geometry. It makes the Laplacian estimate in these settings slightly simpler, and the explicit 
dependence on the geometry more transparent. In addition, the Chern-Lu inequality applies in 
some situations where the standard derivation [H [STj [il] of the Aubin-Yau Laplacian estimate 
may fail (as in the case of the Ricci iteration) or give an estimate with different dependence on 
the geometry (which will be crucial in our setting). While Proposition 17.11 below is certainly 
folklore among experts, it seems that it is less well-known than it deserves to be. In particular, 
we are not aware of a treatment of the Aubin-Yau or Calabi-Yau Theorems that uses it. 



7.1 The Chern— Lu inequality 

Let (M, cl)), {N,r]) be compact Kahler manifolds and let / : M — )• be a holomorphic map 
with 3/ / 0. The Chern-Lu inequality [T71 [33] is 

A^log|5/| > , onM. (62) 

Since the original statement [321 (7.13)].[33| (4.13)] contains a misprint, we include a direct 
and slightly simplified derivation (since we restrict to the Kahler setting) for completeness. 

Write df : T^'^M T^^^N. Then df is a section of T^'^^M T^'^N given in local 
holomorphic coordinates by df = Q^dz^ ® With respect to the metric induced by oj and 
r/ on the product bundle above. 



-■■=\df\' = 9%,^^. (63) 



Compute in normal coordinates at a point 



Aojtt — ^ Upp — — ^ 9li,pphjkf^if^i + ^ ^jk,dmf^pfjifif^i + ^ /fjp/ 

= mcu0 r^idf, df)-u0 R^idf, df, df, Bf) + ^ f^-^ 



ip' 

i,hP 
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By the Cauchy-Schwarz inequality, u ■ ^ f ipf\p > Ylk ^kU^, and since /S.^ log u = A^^u/u — 

Ylik'^k'Uk/'u^ , the desired inequality follows. 

One particularly useful form of the Chern-Lu inequality is when / is the identity map. 

Proposition 7.1. In the above, let / = id : (M, cj) — )• {M,r]) be the identity map, and assume 
that Ricw > — Ciw — C2I] and that BiseC;; < C3, for some Ci, C2, C3 G M. Then, 

A. log > -Ci - (C2 + 2C3)|a/p. (64) 
/n particular, if u = i] + \/—ldd(p then 

( log tr^r? - (C2 + 2C3 + l)ip) > -Ci - {C2 + 2C3 + l)n + tr^r/. (65) 
Hence, oo > Crj for some C > depending only on Ci,C2,Cs,n and ||<^||co(M)- 
Proof. By ([63]) . u = tr^r]. The assumption on Ricw implies that 

Ric oj ® r]{df, Bf) = g'^g^^R^jh^i > -Clg^'9'^9^3h,J - C2g'^g'^h,jh,j 
= -Citr^T] - C2{ri,ri)^ > -Citr^r? - C2(tr^??)^, 

where the last inequality follows from the identity ^lOi Lemma 2.77] 

{v,vh = {^^wV) -n(n-l) . 

CO"- 

Similarly, we also have 

-UJ » i?^(a/, Bf, Bf, Bf) = -g^'g^'R^ki 

> -Oig'^g''\Kjhki + hahkj) > -2C3(tr^7?)2. 
Thus, follows from ([62]) . Since tr^^r/ = n — A^'^, equation ([65]) follows from ([M]) . □ 

7.2 The Laplacian estimate in the singular Holder spaces 

We now apply the Chern-Lu inequality to obtain an a priori Laplacian estimate for the con- 
tinuity method ([32]) . For solutions of ([30]) it gives a bound depending, in addition to the 
uniform norm, on an upper bound on the bisectional curvature of the reference metric; in con- 
trast the well-known Aubin-Yau bound depends on a lower bound for the bisectional curvature 

Lemma 7.2. Suppose that there exists a reference metric uj G T-Lujq with Ricw > —C20J and 
Biseco; < C3, on M\D, where C2 G M U {00}, C3 G M. Let s > S. Solutions to ([32|) in 
P°'^nPSH(M,w), satisfy 

l|A^(/p(s,t)||cO(M) <C = C(||/^||C0(M), 5, (1-^)^2,^3), (66) 

where (1 — t)C2 is understood to be when t = 1. Moreover, ^oj < uj,p(s) < C'w. 
Proof. Along the continuity path ([320 . 

RicLi;,^ = (1 — t)Riccj + su^ + {fit — .s)uj + (1 — P)[D] > Suj^^j. — (1 — t)C2U}, 
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Hence, the assumptions of Proposition mi are satisfied, and the desired estimates fohow directly 
from (j65p if the maximum of logtrj^^o; — Acp takes place in M\D. 

Next, suppose the maximum is attained on D. We claim that logtr^^^w G C^'^, for any 
7 < min{-^ — 1,7}. Indeed, in the local coordinates zi,. . . ,Zn, glp = ^etg ^i], where A is the 
cofactor matrix of [g^]. Since Aij is a polynomial in the components (7^^^, it too lies in Cs'^. In 
addition, 1/ detg^ = e~'f'^~''*'^'"^/det g^ = \zi\'^~'^^F for some F G C°'^, hence this lies in 

for 7 < — 1. Hence tr^j^^w = gl^gij G Cs'^, proving the claim. 

Now by Lemma 15.11 applied to / := logtrt^^cj — Aip, we have that / + achieves its 
maximum away from D for e < f3j. By ()65p and Lemma |5. II (ii) we have 

A^(/ + N''\s\l) > -Ci - (2C73 + l)n + (1 - C/Ar)tr^^^. 

The maximum principle thus implies tr^^^o; < C = C{Ci,C3, \\f\\c'>{M)i^)j so lo^ > Ceo. 
Going back to (130]) we have < Ccj" (with C depending on ||/a;||cO(Af) ^-^id ||95(s,t)||cO(A/))i 
and so also < Cu. □ 



8 Holder estimates for second derivatives 

In the interior of M\Z) one may apply the Evans-Krylov regularity theorem for Monge-Ampere 
equations (Theorem 14. ip to conclude the existence of an a priori interior C^''^ estimate for a 
solution if on any ball B' provided one knows a estimate for and for A^(^. This relies 
crucially on uniform ellipticity of the Laplacian, however, and hence does not apparently hold 
near D. 

In this section we explain how to adapt Theorem 14.11 to this setting. In fact, we do this in 
two quite different ways. We first show that this estimate carries over almost directly in the 
setting of edge Holder spaces, using scaling arguments. This is quite simple, but of course hides 
the details of the Evans-Krylov theorem itself. Another approach, which works in the setting 
of wedge Holder spaces, is to adapt the proof of Theorem 14.11 to work in these spaces. Since 
this is of independent interest, we present it too. Note, however, that because we have proved 
the theorem about higher regularity of solutions, it does not matter at all whether we work in 
the edge or wedge Holder spaces. This is because if we use either of these a priori estimates 
to pass to a limit and find a solution in T>^'^ for some 7' < 7, then we know by Theorem [1] 
that this solution is polyhomogeneous, regardless of whether s = e or w, due to the inclusion 
C Vl'^ (see m)- 

8.1 Cg'^ estimates 

Theorem 8.1. Fix any < (3 < I. Let (p = (p{s,t) £ Cl'^ n PSH(M,a;) be a solution to [3^): 
by Theorem\^ is polyhomogeneous. Suppose that \\^\\cO(^m) ^ C'o, ||'/3||e;2,o !^ C2. Then, 

||¥'||e,2,7<C^2 = C2KC'0,C2). (67) 

Proof. We have already stated the Evans-Krylov bound in Theorem l4.1l and in our use of that 
theorem there we described a rescaling procedure for solutions of this Monge-Ampere equation 
near an edge. Pulling back by the dilation map S\, we obtain a family of metrics 
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restricting g^(^s) to a set x S^, where i? is a ball centered at (ro,yo) with radius ^tq, then 
this family of pullbacks is a family of metrics on Bi x where Bi is a ball centered at (1, 0) 
with radius ^. For each s, this family converges to as \ ^ 0. However, the bound on 
the Laplacian of ip{s) shows that this convergence is actually uniform and depends only on the 
constants Cq, C2. 

Now apply the Evans-Krylov estimate in the half-ball B'^ x 5^, and scale back to half of 
the original ball. The edge Holder norm is invariant under this rescaling, and we conclude that 

\W{s)\\e;2,l = sup 1 1 I l2,7,Bx 5^ < ^2: 

BxS^ 

as claimed. □ 



8.2 1)°'^ estimates 

To conclude our treatment of estimates for this problem, we now show how to obtain a priori 
estimates for a sequence of solutions. In fact, we can do this simply by working in 
singular holomorphic coordinates and following the standard proof. There is one delicate point 
in carrying this out, which is handled by appealing to the form of the asymptotic expansion 
for solutions (Proposition 14. 3p . 

We follow the lecture notes of Siu [44] and Blocki [13^ §5], as well as the treatment of the 
real Monge-Ampere equation by Gilbarg and Trudinger [22], with the modification by Wang- 
Jiang [54], Blocki [llj, that formulates the problem in divergence form, and allows us to work 
with any cone angle in (0, 2tt]. 

Theorem 8.2. Let ip = ip{s,t) G V^"' n PSH(M,a;) be a solution to (3^. Then, 

M^o,. < C, (68) 
where 7 > and C depend only on M,uj,l3, \ \Ai^Lp\\^o, \ \ip\\co- 

Proof. Away from D the estimates are derived by the standard proof. Thus consider 

log detitpfj + ipfj) = tf^ - sip + log det Tpfj =: log h, 

where ^ is a local Kahler potential for u on some neighborhood intersecting D non-trivially. 
We work with u := ip + ip. By Lemma 12.21 G Cw'' . 

Let r] G C" be a unit vector, and consider n as a function of {C, Z). Then 

(logdetV^'^u)^^j = -v'^u^^u^fjU^^i + u'-^Uj^^fy 
Thus, letting w := Ur^fj, we have 

n^^^^,,^>(log/.),, = ^-M, (69) 

which can be rewritten in divergence form, 

{hu'^Wi)j > vHv'hk)i -g, g:= (70) 
We state estimates for h, of which we only use the Lipschitz bound. 
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Lemma 8.3. For all (3 <1, 

\\h\Uo,i<C, (71) 

while ||/i|Lo,o <C for p< 1/2. 
Proof. By ([23]), 

det i^ij = Fi+ + + i^4|Cl'^^ + i^slCP + o{\C\h- (72) 

Thus log det V"^'-*^^ is in Cw^, and belongs to C^'" if /? < 1/2. Since fui,^{s,t) are uniformly in 
^^S)'*^ by ^2.31 and Lemma \72\ then |(log/i)^fj| < C, and as rj was arbitrary, || log /i||j,o,o < C, 
whenever /3 < 1/2. □ 

Theorem 8.4. |H Theorem 8.18] Let n C M™, and assume B^p = B4p{y) C 17. Lei L = 
Di{a^^Dj + 5*) + c*Di + d be strictly elliptic XI < [a*-'], with a^^ ,b\d,d G -L°°(r2), satisfying 

la^^f < A^, ^(|6f + |cf ) + A- VI < 

T/ien ifU£ W^''^{Q) is nonnegative and satisfies LU < g + Dif^, with /* € L'^,g £ L'^^'^ with 
q > m, then for any p G [1, :^^^), 



< C{miU + p||/||l->(B2p) + P I|5||l-(B2p)) 



with C = C{n, A/A, i^p, q,p). 
Lemma 8.5. One has 



sup w — — — -j- / < C( sup w — suptu + + 1)) , 

B2p I -Dp I J Bp B2p Bp 



(73) 



OTi/i C = C(/3,M,a;). 

Note that here integration is with respect to the volume form cj", which in singular coor- 
dinates is equivalent to the Euclidean volume form for \dC\'^ + \dZ\'^. 



Proof. By (170)1 v := sup^^p w — w satisfies 

{hu%i)j <g- rf{rj^hk)i. (74) 



By Lemma [7. 2 1 we have uniform positive bounds on [ujj] and [n*-^ as well as on [a*-'] := /i[n*-^] and 
its inverse, in these coordinates. This, together with Lemma 18.31 and Theorem 18.41 gives the 
desired inequality provided that v G W^'"^. But by the form of the asymptotic expansion of solu- 
tions (150]) we have Vj = Urirjj G for any r] and j: indeed ((aoi(^) sin 61-1-601 (.2^) cos0)r^)-^j = 0, 
hence Uii = a2oiZ) + ©(r*^) for some e = e(/3) > when r is sufficiently small, and so 

Uiii = 0{r^~^) G L^, while uiji = 0{r'^ ^) G L^, and other third derivatives of u are even 
more regular. □ 
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The rest of the proof of Theorem 18.21 is now identical to the standard proof. Let {Vj}^^i 
be smooth vector fields on M\D that span T^'^M over M\D and that on a local chart near 
D are given by Vi := ail' ''~ 93^' k = 2, . . . ,n, and denote 

n n 

M{p) := sup "^(Z') ^■=,r^^ '^L ^ E ^^'^^ 

Our goal is to show that ^{p) := M{p) — m{p) is Holder continuous with respect to gp, i.e., 
i^{p) < Cp'^ ) for some 7' > 0, or equivalently that v{p) < {l — e)u{2p)+a{p), for some e G (0, 1) 
and some non-decreasing function a [22^ Lemma 8.23]. Let 

Mr,{p) := sup Ur,fi, mr,{p) := inf Ur,fj, Vn{p) -■= Mn{p) - mr,{p). 
|CI,|2|e(o,p) ICM^|6(o,p) 



Equation (f73]l implies 



snvw-—- w <C{un{2p)-Ur,{p) + p{p+l)), (75) 



B2p \Bp\ 

and so it remains to obtain a similar inequality for w — inf^jp ''J^- 

Note that DF\a-{A - B) < F{A) - F{B), by concavity of F{A) := logdet A on the space 
of positive Hermitian matrices. Since -D-F|vi,iu = (V^'^u)^^ , we have 

u'\y){uij{y) - Uij{x)) < log det nij-(y) - log det Ujj(a;) < [h]yj.Q^i\y - x\. (76) 

We now decompose (u*-^) as a sum of rank one matrices. This will result in the previous equation 
being the sum of pure second derivatives for which we can apply our estimate from the previous 
step. By uniform ellipticity this decomposition can be done uniformly in y \A4\ p. 103], [13]. 
Namely, we can fix a set {'^k}^=i of unit vectors in C" (which we can assume contains 71 = ?7 
as well as a unitary frame of which ry is an element) and write 

N 

{u'^{y))=Y.Pk{yhhk, 

k=l 

with Pkiu) uniformly positive depending only on n, A and A. Thus ()76p and (|7ip give 

N 

w{y) - w{x) < C\y - x\ - ^ I3kiy){u^kfkiy) - u^k%i^)) 

k=2 

N 

< C\y - x\ + ^/3fc(y)(sup«^,^-^ - u^^^-^{y)). 

k=2 

Now let w{x) = inf^jp and average over Bp to get, using (175]) . 

1 /• ^ 
-- / w-miw<C{Y.Vr,,{'ip)-yr,M + PiP + ^))- (77) 



k=2 

Combining this with (|75p . and summing over k = 1, . . . , N we thus obtain an estimate on 7]{p) 
of the desired form. Hence Ai^ip{s) £ Cw'^ for some 7' > 0. In fact our proof actually showed 
that (frifj GC°'^ for any rj. Hence, by polarization we deduce that also (pij E Cw'' , for any 
Hence, [¥'(s)]^o,7' < C = C{M,uj, l3,\\A:^Lp{s)\\co(M),\\<f{s)\\co(M))- This concludes the proof 
of Theorem 18.21 □ 
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9 Existence of Kahler— Einstein edge metrics 

We now conclude the proof of Theorem [2] on the existence of Kahler-Einstein edge metrics, as 
well as of the convergence of the twisted Ricci iteration (Theorem 12. 5p . We then describe the 
additional regularity properties as stated in Theorem [2j 

Starting the continuity path. We cannot apply the implicit function theorem directly when 
s = —oo since if we reparametrize (j30p by setting a = 1/s, then the linearization degenerates 
at cr = 0. We deal with this by showing that there exists a solution for some large negative 
value of s. This can be done by a perturbation argument due to Wu, which has the advantage 
that it requires very little about the initial reference metric and applies for all /3 < 1; when 
f5 < 1/2, we can also do this using the modified continuity family (see Remark 12. 4p . 

Wu proves that a solution to (pOj) with s = Sq <^ —1 can be produced using a standard 
Newton iteration method |55| Proposition 7.3]. His proof is written in a different context, 
for a certain class of complete Kahler metrics, but the argument is a standard one and it is 
straightforward to check that it can be carried over directly to our setting by substituting the 
Schauder estimates stated in Remark 13.41 and recalled in (f79|) below. We emphasize yet again 
(this was also noted in [55]) that this argument does use any curvature assumptions. 

Second, as described in ^2.41 one can embed the original continuity path ([30|) into a two 
parameter family (j32p where solutions exist trivially for the finite parameter values (s,0). We 
can then carry out the rest of the existence proof from this if /3 < 1/2. This restriction arises 
because the closedness part of the argument does not hold for the full two-parameter continuity 
family when (3 > 1/2. 

Openness. Define M,^t ■ V^s^ ^ C°''^ by 

Ms,t{v) := log ^^-tf^ + Sip, (s, t)GA = (-00, 0] x [0, 1] U [0, fi] x {1}. 

Note that Msfi{0) = 0. If v?(s,t) G n PSH(M, is a solution of we claim that its 
linearization 

DMs,t\^^,^t) = \is,t) + s : ^ C^s'\ (s, t) E A, (78) 

is an isomorphism when s 0. If s = 0, this map is an isomorphism if we restrict on each 
side to the codimension one subspace of functions with integral equal to 0. Furthermore, we 
also claim that {s,t,ip) i— )• Mg^ti^) is a mapping into Cg'^ ■ Given these claims, the Implicit 
Function Theorem then guarantees the existence of a solution ip{s, i) G Vs'^ for all {s, i) ^ A 
sufficiently close to {s,t). 

Proposition l3.2l asserts that (j78p is Fredholm of index for any (s, t) G A, and by Proposition 

Ell 

ll-ull^o.^ < C{\\DMs,tu\\cO,-, + \\u\\co), (79) 

Its nullspace K is clearly trivial when s < 0, and also by Lemma |6. II for (s, 1) with s G (0, /x); 
finally, when s = it consists of constants. Thus DMs^t is an isomorphism when s 7^ 0, and is 
an isomorphism on the L"^ orthogonal complement to the constants when s = 0. This proves 
the first claim. 

The second claim follows even more easily from the explicit formula for DMg^t in (|78p once 
we observe that by Corollary 13.51 the domains of these linearizations at different (p are all the 
same. 

Note finally that using ()79p nearby solutions remain in PSII(M, cj). 
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Closedness. Fix some 5 < and denote As := {{s,t) e A : s e (5*, 0]}. Let {{sj,tj)} 
be a sequence in int^5 converging to (s,t) G As, and let (p{sj,tj) G Vs'^ n PSH(M, w) be 
solutions to ([32]) . Under the assumptions of Theorem [21 the results of ^J5l [71 and [8] imply 
that ||(^(sj,tj)||^o,7 < C, where C depends on S, a lower bound on the Ricci curvature of 
u times (1 — minjij), and an upper bound on its bisectional curvature, both over M\D; 
alternatively, using the Aubin-Yau Laplacian estimate [H [571 E] gives a bound depending on 
S and a lower bound on the bisectional curvature of uj over M\D. Thus, when /3 G (0, i] U {1}, 
Lemma [2.31 implies that either type of bounds give a uniform estimate ||(/?(s,t)||^o,7 < C, 
for all {s,t) G As- In general, restrict to the path ([30]) (i.e., let tj = 1 for all j) and then 
l)||j,o,7 < C, for all s G (-S*, 0] by using Proposition IA.1[ For any 7' G (0,7), we can 

then extract a subsequence which converges to some function if{s, t) G T)^''^ , and clearly 
Ms_t((/?(s, t)) = 0. Letting S — )• —00, we obtain a solution for all G A^o in the case 

(3 G (0,^] U {!}, and for all (s, 1) G (— oo,0] x {1} in the general case. Now by openness 
in A about the solution at (0,1) (cf. [2 Hj), there exist solutions also for [0,e) x {1} C A. 
Then by Corollarv 16.71 and the previous arguments we obtain solutions for all (s,t) G A when 
/? G (0, ^] U {!}, and for all (s, 1) G (— 00,/i] x {1} in the general case. By Theorem [H these 
solutions are poly homogeneous. Finally, (p{s,t) G PSH(M, w). 

Regularity. Using the steps above, we obtain a solution ip := ip{fi, 1) G -^phg PSH(M, a;) 
to ([30p . Denote by the associated Kahler-Einstein edge metric. Using Proposition 14.31 and 
([5]), is asymptotically equivalent to the reference metric g, and moreover, by the explicit 

n - 

form of the expansion and the fact that P^j annihilates the r and terms, we obtain that 

0,i-l 

If G n 2? J . This completes the proof of Theorem [2l 

— — 2 

Note that when /? < 1/2 also ip G Cw'^ ■ When /3 < 1/2, g^ has uniformly bounded 
curvature on M\D. Indeed, if = <p{s) is any solution of (|30p in PSII(M, w), then writing 
{9fj.)ij •= i^ij + fij where u = ^J—lddil^ locally, then the Laplacian estimate shows that g]i{ipij + 
ipij) (no summation) is bounded. By Proposition 14. 3[ IVij^fcH — 0(1 + ), and \(pij,k\ = 
0(1 + r^"^), so by Lemma [231 Rij^,j G C^"'^ ■ 

Convergence of the Ricci iteration. We use the notation of §2.51 As noted there, A* — 7 
plays the role of s. Consider first the case fj, <0. By the earlier analysis of (I30p . for any r > 
the iteration exists uniquely and {'i/'ferlfceN C Vg'^ . By Lemma 15.11 the inductive maximum 
principle argument of [42] yields {ipkrl ^ C. Along the iteration, just as for the path (I30p . the 
Ricci curvature is bounded from below by ^—7, hence Proposition l7.1l and Lemma [5. II show that 
l^i.^fc^V'/krl < C (we consider the maps id : (M, tUkr) {M, lu)). Going back to the equation ([55]) 
and using the estimate then shows that | A^-i/^fc,-! < C, hence by Theorem 18. 11 |'0fcr|e;2,7 ^ C- 
Thus a subsequence converges in Ce''^ to an element ipoo of Ve'^ . Since each step in the 
iteration follows a continuity path of the form (|30p with to replaced by uj^t, Lemma |6 . 61 implies 
that £^Q (a;(fc_i)T-, Wfcr) < (unless uj was already Kahler-Einstein). Since Eq is an exact energy 
functional, i.e., satisfies a cocyle condition [35], then E'q (w, W/tr) = Z]j=i -^0 ("^(i-i)!-) "^jr) < 0. 
Therefore, -000 is a fixed point of Eq, hence a Kahler-Einstein edge metric. By Lemma 15.21 
such Kahler-Einstein metrics are unique; we conclude that the original iteration converges to 
■0OO both in ^0 and in V^^. 

Next, consider the case /i > 0, and take = 1 for simplicity. By the properness assumption, 
Corollarv 16. 71 implies the iteration exists (uniquely by Lemma [6. 4 p for each r G (0, 00) and then 
the monotonicity of E^ implies that J(uj,uji^j-) < C. To obtain the uniform estimate on osc^/^fcr 
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we will employ the argument of [7] as explained to us by Berman. By Lemma 16.81 have 
Im e-P('^'=--""P'^'=-)a;" < C, where p/3 = max{l - i, i}. Now rewrite §3i) as 

u;^^^ =u;"e-^--(i-T)^'=--7'/'(fc-i)r. (80) 

Using Kolodziej's estimate and the Holder inequality this yields the uniform estimate osc ipkr < 
C. Unlike for solutions of (j30p . the functions V'fcr need not be changing signs. Therefore we 
let ipkr '■= i^kr ~ y Sm'^^t'^^- As in the previous paragraph we obtain a uniform estimate 
tr^j.^a; < C. However, to conclude that tr^^w^^ < C from ([80]) we must show that |(1 — ^)ipkT — 
^^(fc_i)r| < C. This is shown in ^42^ p. 1543]. Thus, as before, we conclude that {"tpkr} 
subconverges to the potential of a Kahler-Einstein edge metric. Whenever it is unique, the 
iteration itself necessarily converges. Berndtsson's generalized Bando-Mabuchi Theorem [4l[9] 
shows uniqueness of Kahler-Einstein edge metrics up to an automorphism (which must be 
tangent to D by ([6]) or Lemma l6.ip . but then a well-known argument (cf., e.g., [6]) shows that 
such automorphisms cannot exist when Eq is proper. This concludes the proof of Theorem 
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— no 

Proposition A.l. Let (3 G (0, 1], and letco = OJo~^V~'^dd\s\f[ be given by ()25|) . The bisectional 
curvature of uj is bounded from above on M\D. 

We denote throughout by g,g the Kiihler metrics associated to ujq,uj, respectively. As in 
|52j , to simplify the calculation and estimates we need a lemma to choose an appropriate local 
holomorphic frame and coordinate system, whose elementary proof we include for the reader's 
convenience. We thank Gang Tian for pointing out to us the calculations in |52] which were 
helpful in writing this Appendix. 

Lemma A. 2. [52, p. 599] There exists eo > such that if < distg{p,D) < eo, then we 
can choose a local holomorphic frame e of Lo and local holomorphic coordinates {zi}'^^^ valid 
in a neighborhood of p, such that (i) s = z\e, and a := |e|| satisfies a{p) = 1, da{p) = 0, 
^i^a{p) = 0, and (ii) tjij^kip) = ==)|p = 0, whenever j / 1. 

Proof, (i) Fix any point q £ D, and choose a local holomorphic frame e' and holomorphic 
coordinates {vji}^^^ in Bg{q,e{q)) for < e{q) <C 1. Let s = f'e' with /' a holomorphic 
function and |e'|| = c. Let e = Fe' for some nonvanishing holomorphic function F to be 
specified later. Then a = \Fe'\f^ = \F\'^c. Now fix any point p £ Bg{q, e{q)) \ {q}. In order for 
a to satisfy the vanishing properties with respect to the variables {wj}"^^ at a point p, we can 
just choose F such that F(p) = c(p)~^/^, and 

dw-F{p) = -c~^Fd^-c{p) = -c~^''^^^^c{p) 
d^r d^jF{p) = -c~^{Fd^i d^j c + d^j c^^^ F + d^^ cd^j F) (p) 
= -c~^/'^dyjrd^jc{p) + 2c~^/'^d^rcd^jc{p). 

Since c = \e'\\ is never zero, when e{q) is small, which implies \w — w{p)\ is small, we can 
assume F 7^ in B^{q, €{q)). Now s = fe = f'e' with / = f'F~^ a holomorphic function. Since 
D = {s = 0} is a smooth divisor, we can assume d^if{q) / 0, and choosing e{q) sufficiently 
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small, we can assume that d^if 7^ in B^{q,e{q)). Thus by the inverse function theorem, 
zi = f{wi, . . . ,Wn)-,Z2 = W2-,----,Zn = Wn are holomorphic coordinates in Bg{q,e{q) /2) and 
now s = f{w)e = zie. By the chain rule, it then follows that a satisfies a{p) = 1, d^ia{p) = 
d^id^ja{p) = 0. 

Now cover D by Uq^r)B^[q^e[q) /2). By compactness of D the conclusion follows. 

(ii) Denote by {w^}^^^ the coordinates obtained in (i). Following [23l p. 108], let := 
yjk _ yjk(^p-^ _|_ i^jjk^(^yjS _ _ yj^ {p)) , wlth ftjj = 5^^, dcfiuc a new coordinate system. 

Then, a;o(a|T, ^) = a;o( Jr, ^) + gtM,^" + + 0{EU " ^'(pT)^ and 



d , d d 



dw'^ dw^'' Qnji ^ dz^ dz^' Qz^ 



Let g'^g := grs, for each r, s > 1, and denote the inverse of the (re— 1) x (n— 1) matrix [g'^g] by [5""*]. 
Let 6j^^ = 0. Then, for each j > 1, the equations can be rewritten as dijk — X]t>i 9tj{p)^ik ~ ^vk- 
Hence, Ylj>i 9'^^^ijk = Z]j>i ^'^'''^yfc ~ ^tk^ s > 1. For each s > 1, define 6^^^, so that the right 
hand side vanishes. Multiplying the equations by [g'gf], we obtain Cjffc = for each t > 1. 
Finally, set := P + i = 1, . . . ,n. Since bji, = 0, we have z^ = w^, and therefore these 

coordinates satisfy both properties (i) and (ii) of the statement, as desired. □ 

Let H := , then \s\ff = \zie\^ = H\zi\^^ . Note that both a and H are locally defined 
smooth positive functions. Let oj = ^^^gijdz^ A dzi , = ^^^gi-jdz^ A dz^ , and write z = zi 
and p := \z\. Using the symmetry for subindices, we can calculate in a straightforward manner: 

gij = cjij + Hij\z\''P + l3Hi5ij\z\''^-''z + l3Hj5u\z\''^-H + H\z\''^~HuSij, 

9ij,k = 9ij,k + Hijk\z\'^'^ + (3Hik6ij\zf'^~'^z + (3{Hkj6ii + HijSik)\zf'^~'^z 
+P^{Hi5ij5ik + Hk5u5ij + Hj5ii5ik)\z\'^^~^ 
/32(/3 - l)H\z\^^-''z6u6ij6ik, 

9ij,kl = 9iJ,kI ~^ ^ijkllA'^'^ 

+/3 [{H^kAj + H,kj5,^)\z\^^-'z + (%,5i, + - 
+/?(/? - 1) [//ifcMid^l'^"'^' + %<5ii5ifc|z|2/5-^z2 

+/32(/3 - 1) [(F,5u, + + {Hj6u + H-,5ij)5uhk\z\''^-^2 

- lfH\z\''^-Hu5i.j5^k5u. 

Let p S M\D satisfy distg{p,D) < eQ. The lemma implies in particular H{p) = 1, Hi{p) 
Hij{p) = 0, and the expressions above simplify to: 

9ij{p) = 9ij + Hij\z\^^ + P'^\z\^^-'^5ii5ij, 
9i],k{p) = 9ij,k + Hijklzl"^^ + f3{6^iHkj + 6kiHij)\z\'^'^-^z + /32(/3 - I)6ii6ji5ki\z\'^^-^z, 

%,fc£-(p) = %fcZ+^ijfczNI'^+/3('^ii%£-+^M^^.j,-)k 

+ /32(/3-l)25,i5ji5fei5,-i|z|2/^-l 
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It follows that 

/^"(p) = 0(l), g^-^{p) = 0{p'~^^), forr,s>l, (81) 

and, 

9''ip)=r'p''''YTb^ + Oip\ (82) 

where 0{p^) < C^p^ and b{p) := det[^jj]/ det[^r5]r,s>i|p with < Ci < b{p) < (72, and 
Ci,C2,C3 independent oip^ M\D. 

Take two unit vectors r] = rf-^^ v = v^-^ G Tp'^^M, so that g{r\^ ri)\y = g{y^ i/)|p = 1. Then 
from the expression of gij we have 

jj^y = 0{p^'^) ??^ u'' = 0(1), for r > 1. (83) 

Set _ _ 

Bisec^(7/, I/) = i?(r/, f/, z^, P) = R^j^it]' r]^ v'^ = ^ Aj^-fc^- + li^jy,-^, 

i,j,k,l 

with A^j-fc^- := -g^ji^gq^rj^iu^u^, and n^^fc^- := ^r^* 5^^-^ 9sj,lV'V^^''^^ (no summations). By (I8l])-(l83]) 
we have lA-^^^^l < C except for A^jij = -/3^(/3 - l)^|zp'^"''|?7^p|i/^p, hence 

KjkiiP) = Oil) + Amiip) = 0(1) - /3'(/3 - l?\z\'^-WWr- (84) 

The Proposition follows immediately by combining (j84l) and the following estimate. 
Lemma A. 3. There exists a uniform constant C > such that for every p G M\D, 

Y.^^M{p)<c+p^p-lf\z\''-'W\'\A'. 

i,j,k,l 

Proof. Define a bilinear Hermitian form of two tensors a = [aijk], b = [bpqr] S (C")^ satisfying 
Ojjfc = akji and bpgr = brqp by setting 

i,j,k,p,q,r 

It is easy to see that this is a nonnegative bilinear form. We denote by || • || the associated 
norm. Then T,i,j,k,i'^ijkl = \\[9ij,kW- Write, 

with Aijk ■■= (jijM, Bijk ■■= Hijk\z\'^'^, Dijk := (3{6iiHkj + 6kiHij)\z\'^'^~'^z, and Eijk := /3^(/3 - 
l)^ii^jiSki\z\'^^~^z. Denote A = [Aij^] and similarly B,D,E. Using ([HT]) . 



2/3-3 



< Cp 



1-/3 



and similarly we conclude that || bjj./c] P < C + \\A + EW"^. Now, since 11:^^ - V^E\\'^ > 0, we 
obtain \\A + < (1 + -)Pf + (1 + e)ll-E^f • Note now that by ([82]) 



I I7i||2 111 171 |2| 1|2| 1|2 ^ /-( I /5^(1 /3)^ 2fl-4| 1|2| 1|2 
l-^ll = g \Eili\ \v \ W \ <C+ Y^b(pjJ^^P \V \ W \ ■ 
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Thus, letting e = e{p) = h{p)p'^ we will have proved the lemma provided we can bound 
(1 + p2/3-2)p||2_ ^ Lemma|Aj(ii), 

i,k,p,r 

This concludes the proof of Lemma IA.3[ □ 
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